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Abstract 

The methodology of the Riemann-Hilbert (RH) factorisation approach for Lax-pair isospe- 
ctral deformations is used to derive, in the solitonless sector, the leading-order asymptotics 
as i^±oo (x/t~0(l)) of solutions to the Cauchy problem for the defocusing non-linear 
Schrodinger equation (D/NLSE), idtu+d^.u — 2(|u| 2 — l)u = 0, with (finite-density) initial 
data u(x, 0) ± oexp( 1 ^ 1= ^ 1 ^ 6 ' )(l+o(l)), 6e [0, 2-k). A limiting case of these asymptotics 
related to the RH problem for the Painleve II equation, or one of its special reductions, 
is also identified. 



2000 Mathematics Subject Classification. (Primary) 35Q15, 37K40, 35Q55, 
37K15: (Secondary) 30E20, 30E25, 81U40 

Abbreviated Title. Asymptotics of the Defocusing NLSE 

Key Words. Asymptotics, direct and inverse scattering, reflection coefficient, Riem- 
ann-Hilbert problems, singular integral equations 



*E-mail: vartaniana@arthur.winthrop.edu. Current address: Department of Mathematics, Duke Uni- 
versity, Durham, North Carolina 27708, U. S. A., e-mail: arthur@math.duke.edu 



1 



2 



A. H. Vartanian 



1 Introduction 



In the optical fibre literature, the mathematical model, in normalised and dimensionless form, 
describing dark soliton pulse propagation (which consists of a rapid dip in the intensity of a 
broad pulse of a continuous wave background) in polarisation preserving, single-mode optical 
fibres in the picosecond time scale is the following non-linear Schrodinger equation (NLSE) 
ffl, ^, |«|, \d z q + d 2 q — 2q\q\ 2 = 0, where q = q(r,z) is the slowly varying amplitude of the 
complex field envelope, z is the distance along the fibre length, and r is the retarded time 
measured in a reference frame moving along the fibre at the group velocity, with non- vanishing 
boundary conditions q(r,z) = T -^± 00 ge 1 ^°°~ 2e z ) } where g (> 0) is the so-called density, and 
'■Poo ( e [0) 2tt)) are the asymptotic phases. Mapping, isomorphically, the physical variables onto 
the mathematical variables, (t,z) i— > (x,t), setting q(x,t) :=q(x,t)e~ 2ie *, scaling according 

to the rule t^g~ 2 t, x—*q~^x, and q^> gu(x, t)e itf>ao , and defining 9 := (p^ — 92+ , one arrives 
at considering solutions of the following non-linear evolution equation (NLEE), hereafter 
referred to as the defocusing non-linear Schrodinger equation (DjNLSE), with finite-density 
initial data, 

id t u+d 2 u-2(\u\ 2 -l)u = 0, (x,t)eMxR, 
u(x,0):=u o (x) = exp(i^)(l+ (l)), (1) 

x — > ±00 



where u a (x) € C°°(IR), 9 G [0, 2ir) (see Lemma 2.2), and the o(l) term is to be understood in 

the sense that, V (k, I) £ Z^q x Z^o, M fc ( ^^C^oGe) — ex P( = z^±oo 0. Only for initial 

data satisfying \x\ h (u (x) — exp ^ 1 ^ 6 ' )) = x -,±oo 0, (k,l) £ Z^o x Z^o, is it true that 
the closure of the set of reflectionless (soliton) potentials of the DyNLSE in the topology of 
uniform convergence of functions on compact sets of M (denoted by B) remains an invariant 
set of this model for 1 7^ (a solution of the D jNLSE with finite density initial data, in the 
above-defined sense, remains in B ViGlR, and not just for t = 0) [||. 

It is instructive to study the asymptotics of solutions to the Cauchy problem for the 
DjNLSE for finite-density initial data having a decomposition of the form u {x) :=u so \(x) + 
u Ta ,d(x), where u (x) satisfies the conditions stated heretofore, u so \(x) is responsible 

for "generating" the multi- or iV-dark soliton solution, and u Ta( ±(x) is the "small" non-dark- 
soliton component manifesting as the asymptotically decaying dispersive component of the 
solution. In fact, this is the principal objective of the present series of works devoted to the 
asymptotic analysis of solutions to the DjNLSE for finite-density initial data; in particular, in 
this work, the case u so \(x) = and it ra d(x)^0 is treated, and the case (u so \(x), u ra d(x))^ (0, 0) 
is presently under study. Another objective of this series of works, which will be pursued 
elsewhere, is to use the results obtained herein to derive an explicit asymptotic expression 
for the transfer matrix for an iV-dark soliton X junction Q. 

It is well-known that, within the framework of the inverse scattering method (ISM) || 
[7], H|, the DjNLSE is a completely integrable NLEE with an explicit representation as an 
infinite-dimensional Hamiltonian system 0. Even though the analysis of NLS-like NLEEs 
with rapidly decaying, e.g., Schwartz class, initial data on M. has received the vast majority 
of the attention in the context of direct and inverse spectral treatments, there have been 
a handful of, in some cases seminal, works devoted exclusively to the direct and inverse 
scattering analysis of completely integrable NLEEs belonging to the ZS-AKNS class with 
non- vanishing values of the initial data [10, O, O], As shown in Part 1 of ||, a two-sheeted 
Riemann surface plays a central role in the direct /inverse spectral formulation associated 
with the DjNLSE for finite-density initial data. Other interesting classes of finite-density (or 
non-vanishing)-type initial data for completely integrable NLEEs, e.g., NLS, derivative and 
modified NLS, KdV, and sinh/e-Gordon, have also been considered ||, ||, ||, ||, 0, |||. 
To the best of the author's knowledge as at the time of the presents, the first to consider the 
asymptotics of solutions to the DjNLSE for finite-density initial data were Its et al. pQfl . 

In the framework of the ISM, the asymptotic analysis of solutions to the Cauchy problem 
for the DjNLSE with finite-density initial data is divided into two steps: (1) the analy- 
sis of the solitonless (continuum) component of the solution; and (2) the inclusion of the 
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iV-dark soliton component via the application of a "dressing" procedure to the solitonless 



background/component plL 22]. In this work, stage (1) of the above-mentioned two-step 



asymptotic paradigm, which is the more technical of the two, is carried out systematically 
using the methodology of the Riemann-Hilbert (RH) factorisation p3] approach to the ISM 
@!,|4|,|25|,[26|. 

This paper is organized as follows. In Section 2, starting from the Lax-pair isospectral 
deformation condition associated with the DjNLSE, all necessary formulae from the direct 
and inverse scattering analyses associated with the solution of the Cauchy problem for the 
DjNLSE with finite-density initial data are derived, the corresponding (matrix) Riemann- 
Hilbert problem (RHP) is formulated, and the particular case of this RHP studied asymp- 
totically in this work is stated. In Section 3, a self-contained synopsis of the Beals-Coifman 
[241 construction for the solution of a matrix RHP on an oriented contour is given, a detailed 
account of the Deift-Zhou [27] non- linear steepest descent method for the asymptotic analysis 
of the RHP stated in Section 2 is presented, and the results of this paper are summarised in 
Theorems 3.1-3.3. In Section 4, as t— >+oo (x/t~0(l)), the RHP is reformulated as an auxil- 
iary RHP on an augmented contour which is then dissected to produce an equivalent RHP on 
a truncated contour. In Section 5, it is shown that, to leading order as (x/i~0(l)), 
modulo terms that are C(t _1//2 hit), the solution of the equivalent RHP on the truncated con- 
tour "tends to" the solution of an explicitly solvable model RHP on a contour which consists 
of the disjoint union of two rotated crosses. In Section 6, as t— >+oo (x/i~0(l)), the model 
RHP on the disjoint union of the two rotated crosses is reformulated as an asymptotic system 
of linear singular integral equations which are then solved explicitly to yield the asymptotics 
of solutions (and related integrals of solutions) to the Cauchy problem for the DjNLSE. In 
Section 7, the above asymptotic paradigm is succinctly reworked for the case when t— >— 00 
(x I 't ~ O (1)) . The paper concludes with an Appendix. 



2 The Direct/Inverse Scattering Analysis and the Riemann- 
Hilbert Problem 

The necessary facts from the direct/inverse scattering analysis of the Lax pair (see Propo- 
sition 2.1) associated with the DjNLSE for finite-density initial data are derived, the corre- 
sponding RHP is formulated, and the particular case of this RHP which is analysed asymp- 
totically as t — > ±00 (x/t ~ O(l)) in this work is stated. Before proceeding, however, the 
notation/nomenclature used throughout this work is summarised. 

NOTATIONAL CONVENTIONS 



(1) I = ( 1 ) is the 2x2 identity matrix, a\ = ( ° J )i °"2 = ( j : ) , and 03 = ( q \ ) are the 
Pauli matrices, <r+ = ( [j J ) and cr_ = ( ? 8 ) are ' respectively, the raising and lowering 
matrices, sgn(z) := +1 if z > 0, if z = 0, and — 1 if z < 0, R± := {x; ±x > 0}, and 
±i:=exp(±ivr/2); 

(2) for a scalar w and a 2x2 matrix T, zu^'^T : = ro ,73 Tro" CT3 ; 

(3) for each segment of an oriented contour D, according to the given orientation, the 
"+" side is to the left and the "-" side is to the right as one traverses the contour in 
the direction of orientation, i.e., for a matrix Aij(-), i,j £ {1,2}, (Aij(-))± denote the 
non-tangential limits {Aij{z))± :=lim j_ z Aij(z'); 

z' 6 ± side of T> 

(4) for a matrix Aij(-), i,j S {1, 2}, to have boundary values in the C? sense on an oriented 
contour V, it is meant that lim z /_ z J v \A{z') — {A{z))±\ 2 \dz\ =0, where |-4(-)| 

z' S ± side of T> 

denotes the Hilbert-Schmidt norm, \A(-)\ := (X^j=i ■Aij(') -4ij(')) 1//2 > with (•) denoting 
complex conjugation of (•), i.e., if, say, T)=W oriented from +00 to —00, then A(-) has 
C 2 boundary values on V means that lim e |o L \ A(x^ie) — (A(x))±\ 2 dx = 0; 
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(5) for l^p<oo and T> some point set, 

£^ 2(C) (P):={/:2^M(2,C); H/Ollz*. ^p*) I/WI P |cM) 1/p <oc}, 

and, for p = 00, 

£ M a (C)( I, ) : ={^ : 2?-^M(2,C); |b(-)||jcs fP ,(2?) : = max sup ^(z)! < 00}; 

(6) for L> an unbounded domain of R, Sc(D) (respectively <Sm 2 (C)(-^)) denotes the Schwartz 
space on D, namely, the space of all infinitely continuously differential) le (smooth) de- 
valued (respectively M(2, C)-valued) functions which together with all their deriva- 
tives tend to zero faster than any positive power of | • | _1 as | • | —> 00, that is, 
S C (D) := C°°(D) n{f:D^C; \\f(-)\\ k ,i := sup xeR \ x k (0f(x)\ < ooV(M) G Z^ X 
Z^o} and S Mm (D) := {F: D -» M(2,C); i^-(-) G C°°(D), i,j G {1,2}} n {G: D — » 

M(2,C); ||G ij (-)|U,/:=sup :EeR |x fc (A)'G i ,(x)|<ooV(/c,OGZ > oX^o, i,jG {1, 2}}, and 
Cg°(*):=n- C fc (*); 

(7) for D an unbounded domain of R, S^(D) :=Sc(D)r\{h(z); :=su Pze-D IM Z )I 

<i}; 

( 8 ) ll^(-)lln pe3 £^ 2{C) W : =Epe3l|3"(-)ll£^ 2{C) (*) 5 where 5 is a finite index set; 

(9) for {ji,v) G RxR, the function (•-/x) i? : C \ (-00, /i) -> C: • ■-> e ipln (— *0, with the 
branch cut taken along (— 00,/x) and the principal branch of the logarithm chosen, 
ln(»-/i) : = ln| • -//|+iarg(« — /j,), arg(»-/x) G (— 7r, 7r); 

(10) a contour, P, say, which is the finite union of piecewise smooth simple closed curves, 
is said to be orientable if its complement, C \ T>, can always be divided into two, 
possibly disconnected, disjoint open sets 13 + and 13", either of which has finitely many 
components, such that T> admits an orientation so that it can either be viewed as a 
positively oriented boundary T> + for 13 + or as a negatively oriented boundary T>~ for 



13 [28 1, i.e., the (possibly disconnected ) components of C\T> can be coloured by + or 



in such a way that the + regions do not share boundary with the — regions, except, 



possibly, at finitely many points [29]. 



Proposition 2.1 (]9|, 10, |30f ) . The necessary and sufficient condition for the compatibility 
of the following linear system (Lax-pair), for arbitrary CgC, 

d x 9(x,t;0=U(x,t)CMx,t)0, dt9(x,t;Q = V(x,t;Q9(x,t;Q, (2) 

where 

W(M;C)=-iA(C)*S+(° 0)' 

\2 n\f/-\(® U \ ■ f UU — 1 d x U 



V(,, t ;0=-2i(A(0)^ + 2A( ^ Q j -1 ^ g . J_ 

and X(() := |(C+^); with tx(U(x,t; Q) = tr(V(x, t; £)) =0, is that u = u(x,t) satisfies the 
D/NLSE. 

Proof. Invoking the isospectral deformation condition, <9*£ = 0, * G {x,t}, one shows 
that the DjNLSE is the Frobenius compatibility, or zero-curvature, condition for system (2), 
d t U(x,t]()-d x V(x,t-,() + [U{x,t](),V(x,t-,()] = (V° ), CGC, where [21, 58] := 2153 -5321 is the 
matrix commutator. □ 
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Proposition 2.2. Let u(x,t) be a solution of the DjNLSE and \P(x,t;Q the corresponding 
solution of system (2) . Then \l/(x, t; () :=l^(x, t; ()Q((), with Q(() G M(2, C), is also a solution 
of system (2). 

Proof. Let u(x,t) be a solution of the D^NLSE and ^{x^t^Q the corresponding solution 
of system (2). Multiply system (2) on the right by QgM(2, C) and define ^(x, t; () as in the 
Proposition. □ 

As a consequence of Proposition 2.2, ^(x, t; £) becomes the principal object of study. The 
ISM analysis for the DjNLSE is based on the direct scattering problem for the (self-adjoint) 

operator (cf. Proposition 2.1) O v := io-^d x — (^-j^y ^ — diag^(£+^)^ , where u(x,0):= 

u (x) satisfies u (x) = x _ > ± 00 u (±(x>)(\ + o{l)), with u D (±oo) := exp( l( - 1 ^ 1 - )6> ), 0£ [0, 27r) (see 
Lemma 2.2), n G (x) G C°°(R), and u (x) - u (±oo) £ S c (^±) ■ 

Proposition 2.3. Let u(x,t) be a solution of the DjNLSE and ^(x,t;() the correspond- 
ing solution of system (2) defined in Proposition 2.2. Then ^/(x,t;() satisfies the symmetry 

reductions cri*(x,£;C) o x = *(M;C) M i(0 and *0M; = ^{x,t;QM 2 (Q, where Mj(C) G 
GL(2,C), iG{l,2}. 

Proof. For the C^C (respectively C^^) involution, one shows that d x (ai^>(x,t;() a\) = 

U(x, t; C)<Ti*(x, t; £) <Ti and dt{o-\^{x, t; () a\) = V(x, t; ()ai^(x } t; () o\ (respectively d x ^(x, 
t; J) =U(x, t; QV(x, t; J) and <9 t *(x, t; J) = V(x, i; C)*(z, *; J)); hence, 3 Mi(C) G GL(2, C) (re- 
spectively M 2 (C)GGL(2,C)) such that cri*(x,t;C) 01 = *(x, t; C)Mi(C) (respectively V(x,t; ^) 
= *(x,t;C)M 2 (C)) solves system (2). □ 

Definition 2.1. Zei u(x,t) be a solution of the DjNLSE with u(x, 0) := n G (x) = x -nfcoo 
u (±oo)(l+o(l)), w/iere n (±oo):=exp(^±±^), 6»G[0,2vr) (see Lemma 2.2), u (x) G C°°(R) ; 
and u {x) — n (±oo) G<Sc(^±)- Define the M(2, C)-valued functions * ± (a;,0;^) as i/ie (Lost) 
solutions of the first equation of system (2), (^^(x, 0; £) = ( q q ); w ^ ^ e following asymp- 
totics, 

^(x,0;C) sJ = to (e^(^ 1 T 1 )+«(l))e- tt(O - B1> , 
«//iere fc(C):=|(C-J)- 



Corollary 2.1. <7i*(x, i; C) 0"i = *(x, t; C) and *(x, i; ^) ^^(x, i; C)<7 2 - 

Proof. Since, from Definition 2.1, ^(a^OjC) satisfy C^^x, 0; C) = ( o o )> and, as a con- 
sequence of Proposition 2.3, cri*±(x, 0; () a x = ^(x, 0; C)Mi(C) (respectively tf^a^O; = 
^ ± (x, 0; £)M 2 (£)), one uses the asymptotics for ^' ± (x, 0; Q given in Definition 2.1 and the fact 
that k(C) = k(C) (respectively k(^) = -k(Q) to deduce that Mi(Q = I (respectively M 2 (C) = 
C02). □ 

Proposition 2.4. Set *±(x, 0; C) := ( ) . ITien (*^) W an- 

aZt/iic continuation to C + (respectively (*+|^) anc ^ ^ awe analytic continuation to 

C-), the monodromy (scattering) matrix, T(£), is defined by \l/ - (x,0;£) := ^ + (x, 0; £)T(£), 

9(C) = 0, ufterc T(C) = f "JS ^§0 ' ^ ° (C) = (1 " C " 2 ) _1 (*&(0*n(0 " *f 2 (0*Ji(0), 

fe(C) = (l-r 2 )- 1 (^ 2 (C)^ 2 - 1 (C)-^ 2 (C)^n(C)), |a(C)| 2 -|6(C)| 2 = l, a(J) = a(C), 6(J) = -6(C), 
and det(^ ± (x,0;C))lc=±i = 0. 
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Proof. The analytic continuation of the respective columns of ^ =t (x,0;C) to C± fol- 
lows from Definition 2.1. Introduce the monodromy matrix according to * + (x, 0; C)T(C) = 

* - (x, 0; C), 9(C) = 0, where T(C) = ( ) . From the <j\ symmetry reduction (x, 0; Q 

■ g\ = ^ ± (x,0;C), it follows that a(() = a(Q and 6(C) = 6(C); hence, the expression for 
T(C) given in the Proposition. Since (*+(x, 0; C))" 1 ^" (x, 0; C) = T(C) = ( a{0 ^1 ] and 

V 6 (c) a (0 / 

det(*+(x,0;C)) = det(^ _ (x, 0; ()) = 1-C~ 2 , namely, det(T(C)) = 1, one deduces the ex- 
pressions for a(C) and 6(C) given in the Proposition, and, using the unimodularity of T(C), 

one deduces that a(C)o(C) — b(()b(() = 1> ^(C) = 0. Using the o"2 symmetry reduction, 
*±(x,0; ^) = C^ ,± (x,0;C)o- 2 , and the expression for T(C) given in the Proposition, one shows 

that a(i)=a(C) and 6(±) = -6(C): finally, since det(^ ± (x, 0; C)) = 1-C~ 2 , setting C = ±l, the 
degeneracy of ^(x.OjC) at C = ±l follows. □ 

Corollary 2.2. Let the reflection coefficient associated with the direct scattering problem for 
the operator O v be defined by r (C) := ^y- Then r(^) = —r(Q. 



Proof. The relation r(^) = — r(Q is an immediate consequence of the definition of r(Q 
given in the Corollary and the properties of a(() and 6(C) given in Proposition 2.4. □ 



Remark 2.1. Note that, from Proposition 2.4, even though a(C) (respectively a*(C):=a(C)) 
has an analytic continuation off 9(C) =0 to C+ (respectively C_) and is continuous on C + 
(respectively C_), in general, 6(C) does not have an analytic continuation off 3(C) = 0: in this 
work, 6(C) has an analytic continuation to (compact subsets of) {C; |CI ^1}> m particular, to 
rays of the form r n e ±1? S n£ {1, 2, . . . , N}, where (r n , 4> n ) G [0, 1] x (0, 7r). 

Lemma 2.1. Let u(x,t) be the solution of the Cauchy problem for the DjNLSE with finite- 
density initial data and ^ ,± (x, 0; C) the corresponding (Lost) solutions ofO v ^ ± (x, 0; C) = ( [j o ) 
given in Definition 2.1. Then ^ ,± (x,0;C) have the following asymptotics: 

|2_ 



fc(C)^3 



*-(x,0;C) ^(j^e^+O^e-*^ 03 , *+(x, 0; C) f = q (^ 2 + 0(l))e" i 

Proof. From the asymptotics of the (Jost) solutions of O x, ^ ± (x, 0; C) = (oo) gi yen m 
Definition 2.1, the o~\ symmetry reduction (Corollary 2.1), and a Volterra-type integral rep- 
resentation, one arrives at ^f ± (x, 0; C) = ( *+ ?i 2 ) , with 



*n(*»0;C) = ^2 2 (x,0;C) = exp(f)exp(i Q S(£; C) d£-fc(C)x 
*n(x,0;Q = AC) = exp(-|M(x;C)exp(i (^J* S(£;C)d£-fc(C)*)) , 

*+(*, 0; C) = *£(s,0;C) = Bfo exp (i ^ T(£; C) d£+fc(C)x) ) , 

*+(x,0;C) = *i(x,0;C) = exp(i T(£; C) d£+fc(C)x)) , 

where, in the neighbourhood of the singular points, namely, the origin (C = 0) and the point 
at infinity (£ = oo), A(x; Q, B(x; Q, S(x; Q and T(x; C) have the asymptotic expansions given 
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below. Since * (x, 0; £) are the solutions of O v ^/ ± (x, 0; C) = ( o o ) with the asymptotics given 
in Definition 2.1, using the matrix representations for ^^(x, 0; (") given above, one arrives at 
the following system of equations (as well as their complex conjugates): 

A(x; C) (-i(C+ ±)+u (x)e- w A(x; ()) + d x A(x; () = | (C+ $)A(x; C)+M^)e ie , 



B(x; C) ( ^(C+ l)+u (x) B(x; Qj +d x B(x; () = -±((+±)B(x; ()+u (x), (L2.1a) 



iS(x; = -l+u o (x)e- w A(x; (), i7(x; () = ^+u G (x) B(x; ()■ 

In the neighbourhood of £ = oo, one has the following (formal) asymptotic expansions 
(see Theorem 2.9 in Note, v(x) in Eq. (2.10) of Q should be changed to v{z)), 

A(x;C) = En=J>MC n + o(IC|-°°), B(x;C) = E~=i^M]C n + 0(lcrn J(z;C) = 

E^i^nK^C^ + OdCI- 00 ), and T(x;C)=E^ = i4K^r w + 0(|C|- 00 ), where := 
★°°(x), -k£{a,b,s,t}, are functionals of u,,^) an d u (x), and, in the neighbourhood of C = 0, 
one has the following (formal) asymptotic expansions, A(x; () = E^L-i In[ u >u]( n +0(\(\ +00 ), 

I^,^0,S(x;0 = En=-l^M^^ 

0(|C| +0 °), and 7{x; C)=E£°=-i ^^^]C n +0(lCl + °°), where T*[u,u] :=*°(x) are functionals of 
« (a;) and ii (x). Substituting the above asymptotic expansions as (— >oo into system (L2.1a), 
one arrives at (for the first few — leading — terms), with d™:=(^) n , 



0(1) : -iaj°(x) =^(xje ie af(x) = iu^) e ie , i&f (x) = u G (x) 6?°(x) = -m (x), 
O(i) : -ia^(x) +4a?°(^) = => a^°(x) =e i0 4^M, 
iftf (x) +4b?°( ;z; )= => b^(x)=d x u {x), 
isf (x) =-i+u (x)e- w a^(x) sf (x) = -l+|u (x)| 2 , 
itf(x) =i+n (x)6?°(x) =► t?°(x) = l-| Uo (x)| 2 , 
0($r) : -ia^(x) -iaf (x)+u o (x)e- ie (aJ o (x)) 2 +4.a^(x)=0 

af(x) = -ie 10 (u (x) -\u (x)\ 2 u (x) +d 2 c u (x)J , 

ibf(x) +ib^(x)+Mx)(b^(x)) 2 +d x bf(x) = 
^3°(x) =i(tt (x)-|u (x)| 2 n (x)+d 2 u (x)) , 



is£°(x) = u D (x)e 1 a^°(x) s^°(x) = — in (x)d a; it c ,(x), 



ii§°(x) = it o (a0&8° ^(x) = -i« (x)4ii (x); 

hence, from these C^oo results and the Volterra-type integral representation for ^ ,=t (x, 0; £) 
given at the beginning of the Lemma, one shows that 



w ff e t/--(l-«)l^-i) d « i^^^d^-^ 

vD _ r T n- ^ = pi" 3 c 

1 ' ' U C-oo ^i(i^)e i(9+ ?/-- ( ^« )|2 - 1)d « e -^f«(l«o(€)l a -i)«« 



+ ff e t/?o=(K«)l 2 -i)d S i ( _ iUo(a))e -t^oc(l« O (0l 2 -i)de\ 

* (S,0;C) C-oo^i (rae f/|-(l«-(Ol a -i)de ^i/^cK^i^Dd, J 

+ 0(C" 2 ))e~ ifc(C):!;,T3 : 

finally, expanding the exponentials in power series in one obtains the C — ► oo asymp- 
totics stated in the Lemma. Similarly, substituting the asymptotic expansions as £ — > into 
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system (L2.1a), one arrives at (for the first few — leading — terms), 

0(£) : -'m _ 1 (x) + ^°- i(x))V,(x)e- ie = a ° = ie ie K(x))-\ 

tiP_ 1 (x) + (b°_ 1 (x))*'^x) = 6° 1 (x) = -i(^))- 1 , 
O(i) : -ia (x) + 2u o (x)e~ w a _ 1 (x)a (x)+d x a°_ 1 (x)=0 => a[j(x) = ^^((^(x))" 1 ), 

i6°(x)+2^^6° 1 (x)6[](x)+ ( i x 6^(x) = ^ 6[](x) = -4.((^R)" 1 ), 
is° 1 (x) = -i+tt (x)e _i V!.i(2;) s ° 1 (x) = 0, 
it° 1 ( x )=i +Uo ( x )6 1 ( 2; ) t° 1 (a;) = o, 

0(1) : is[](x) = 'u (x)e- ie a[](x) s° {x) = -id x ln(u o (x)), 
ito(x)=u (x) &q(x) => to(x) = -id x ln(u (x)), 

and the expressions for a^(x) and 6?(a;), resulting from the 0(1) terms, have not been written 
as they will not actually be used; hence, from these £ — * results, and the Volterra-type 
integral representation for ^ ,=t (x, 0; £) given at the beginning of the Lemma, one shows that 



C(i) _li£^l e /-o ^M-o(€))d« +0(1) \ 
$-(a; 0'() = e^ 3 I ( .« (a;) e -ife(C)a:(T3 

/ 0(1) * i e /+oc^ ln (Mf))df +0(1) \ 

Vt+CxO'C) = U »W | e -i«(C)a;o-3 . 

^ ' ' v c-o^i i j+oo^^^^+oci) o(i) y 

finally, using the fact that ff ln(u (£)) d£ = ln(u G (x)) — ln(u (±oo)) = ln(u (ic)) — 1 ^ 1= ^ 1 ^ 
(having taken the principal branch for ln(-)), one obtains the (— >0 asymptotics stated in the 
Lemma. □ 

Corollary 2.3. The following asymptotics are valid: 

/r (M0|2 ~ 1)dC ) C~ 1 +0(C a )) > a(C) c = Q e-f (1+0(0), 
r(C) = ©(r 1 ), r(C) = O(C). 

f — > co £ — » 



Proof. From Proposition 2.4 



«(C) =7^1(^0, o; 0*n(*> °; C)-*| 2 (*> o ; o*Ji(*, o ; c)), 



HO = £i °; *m 0> o; - ^0, o ; c) * nfa °; 0)- 

Using the C - ► °° and C ~^ asymptotics for ^ • (ac, 0; £) ) *>J £ {1, 2}, given in Lemma 2.1, 



one obtains the asymptotics for a(£) stated in the Corollary, and also b(C) =^_ >00 0(£ _1 ) and 
6(C) =^ C(C); hence, since r(Q := ^|y, one arrives at the asymptotics for r(£) stated in 
the Corollary (in particular, r(0)=0). □ 

Remark 2.2. Although the technical details of this argument are not presented here, using 
the fact that u (x) 6 C°°(M) and u (x)—u (±oo) £ Sc(M.±), one shows that, using the Volterra- 
type integral representation for the elements of ^ ,=t (x,0;C) given in Lemma 2.1, based on a 
successive approximations (Neumann series-type) argument, r(£) £ <S<c(M) (see the second 
article in |12] for complete details; see, also, Part 1 of §). 
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Lemma 2.2. Let u(x,t) be the solution of the Cauchy problem for the DjNLSE with finite- 
density initial data, and \P (x,0;() the (Jost) solutions of O Vl ^ ± (x,0;C) = (jjjj) with the 
asymptotics stated in Definition 2.1 and satisfying the symmetry reductions of Corollary 2.1. 
In the absence of spectral singularities, denote the discrete and continuous spectra of the direct 
scattering problem for the operator O v by ad and a c , respectively, with a T> := spec(O v ) 
partitioned such that o t> = U a c , and ^(1^ = 1. Then, for r(Q E 5<c Od = A a U A a , 
with A a := {g„; a(C)| C=fn = 0, ? n = e^", n G (0,vr), n€ {1,2,... ,N}}, A a n\ = f), and 
card(<Trf) = 2A r <cxD, and a c = {C; 9(C) =0}, mi/i card(cr c ) = oo. Furthermore, 

(t\ g A (C-fa) / /- + - ln(l-|r(/i)| 2 ) d^ 



and 



iV 



n=l 



Proof. From classical complex analysis, a function f{z) analytic and of finite order n for 
z G C + admits the inner-outer factorisation 

1 lnfl/Qi)!) d/i | ^ drfc) 1 \ ^-r 




! (/i-z) vri J^fo-z) id) \l (z-& 



111(1/(^)1) d^ + /• dr(M) 



I)) n A,(^n), 



where g= [77], with [•] denoting the greatest integer less than or equal to •, b^ EM^o> r ( - ) is 
a singular boundary function, z n := r n e ie " , with (r n , 0") 6 M + x (0, 7r), are the zeros of f{z), 
D a (u, v) := ^!} u i- q \ is the canonical Nevanlinna factor, with 

y\ ' / E(u/v,q) ' 



1— to, 9 = 0, 

(l-u;)exp(u;+j£+-. gEN, 



the canonical Weierstrass factor, and all integrals and finite products converge absolutely 
(hence converge), Er„«:i r « sm6 *" < °°> E rn >i r "^~ e si 116 *™ < °°, d £ < °°> and 

J-00 xJ^ji+M+e < °°i where := max(n, 1), and e is an arbitrary positive (real) number. 
Specialise the above to a((). Let q n be the (necessarily simple: see below) zeros of a(C): 
since u {x) E C°°(M), ii (x) — u D (±oo) G 5c(K±), and there are no spectral singularities, 
thus only a finite number of simple poles (see the paragraph preceding Section 3 in |28||), it 



follows from an argument in [24] that card{? n ; a(C)|f= fn =0} :=iV < 00. Since a(C) has an 



analytic continuation to C+, and, from Proposition 2.4, a(i) = a(C), it follows that {Sn}n=i 



are distributed along C + Pi ({z; \z\ = 1} \ {±1}); hence, o~d, the discrete spectrum of O v , is 
given by ad = A a U A a , where A a is defined in the Lemma. Since A a n A a = 0, it follows 



(from the Inclusion-Exclusion Principle) that card(A a U A a ) = 2N. From [24], the continuous 
spectrum of O v is given by a c = {C; 3i(— iA(C)) = jft(i A(C ))j = {C; 9(C) = 0} (oriented from 
—00 to +00). As there are no spectral singularities P8[ , r(-) = 0; hence, from the above 
argument, the C ~~ > 00 asymptotics for a(C) given in Corollary 2.3 (in which case 77 = 0, 
that is, q = [0] = 0), the unimodularity relation |a(C)| 2 — |&(C)| 2 = 0, ^(C) = 0; given in 
Proposition 2.4, and the definition of the reflection coefficient, r(C), given in Corollary 2.2, it 

follows that, for b := {\0+2 J2n=i ^n+L^ ln(1 ~^ )|2) |£) mod(2vr), o(0 has the simplified 

(C-fa) Jl( C ln(l-lr( M )| 2 ) dn 



representation o(C) = n , ngAa ^ expf- ^ ^gffl C G C+. Writing a(C) 
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^rin=igEt}exp(- ln(1 ~Lt )|2) St> CGC +) and using the C-0 asymptotics for a(() 
given in Corollary 2.3, one obtains the expression for 9 given in the Lemma; moreover, with 
this 9, one also shows that a(() satisfies the involution a(^) = a(£), and, since r(() GcSc(K), 

r+oo lnO-Jr^p) ' n 

J-oo l+lfP^ ^<00. U 

Lemma 2.3. Forr(()£S^ 



f- S )N e i(|+En =1 <M exof-P V f In(l-KM)! 2 ) dMv 

a(s + ie) = ; , ; ,, n ,^ — — — (l + o(l)), sGjrhlK 

V eio (l-\r(s)\ 2 )**^ V K " 1 ; 

where P.V. J denotes the principal value integral, and x± are real, possibly zero, constants. 

Proof. This result will be proved via two independent approaches: (1) using the represen- 
tation for a(C) given in Lemma 2.2 (Method (i)); and (2) analysing the expression for a(0 
given in Proposition 2.4 (Method (ii)). 

Method (i). One starts with the representation for a(£) given in Lemma 2.2, namely, 

«(0 = e¥ Un=l feg} exp(- J+- In ^ )|2) j%) , C € C +> where 9 G [0, 2vr) is given in 



Lemma 2.2, <r n = e^", (p n £ (0,vr), n £ {1,2,... ,N}, and r(() £ 5 C (M). The fact that 
I l r (")l l£°°(R) :=su PzeR \ r ( z )\ < 1 is essential for the proof: this will be proved in Lemma 2.4 
below. To study the behaviour of a(() as ( — ► ±1 from above (C+), set ( = il + ee 1 ^ 3 , 
(3 £ (0, 7r), and consider the limit as e j 0. Set U e (±l) := {z; \z^fl\ < e}, where e is an 

arbitrarily fixed, sufficiently small positive real number. Write / = ln ^~^^ ^ ^ = 

J o + Uu e (-l) + JU £ (+l)^ O-C) 27ri' wnere J o •- Jr\U s (±1) (/Lt-C) 27ri- 0mce UUt^CW, 

one Taylor expands (1— |r(C)| 2 ) to show that , for ( £ U e (± 1 ) , ( 1-| r (() \ 2 ) = l-r (±l)+ri (± 1 ) (C=F 
l)+^^(CTl) 2 +0((CTl) 3 ), where r D (±l) := |r(±l)| 2 (/l), andf^il), j'G{l,2}, are some 
C-valued constants: now, using the fact that ||^(-)HzC°°(M) < 1; and the expansion ln(l-Hc) =i a ,i <1 

x+U(x J, one snows tnat i --f o + 2^e{±i}Uu £ (0 ( M -C) 2lFT + Ju e (/) fc=c5 ^ >> 

where js{l,2}, Zg{±1}, are some C-valued constants. Using the distributional identi- 
ties (x—(x o H0))~ 1 = P.V.(x—x )~ 1 Hir5(x—x ), where P.V. denotes the principal value integral 

and 5(x—x n ) is the Dirac delta function, and f X2 f (x)5(x— x D ) dx= < ^ 05 1 ' 

1 ' J °* J()K °> \o, x €R\(x 1 ,x 2 ) > 

one shows that, with the choice |e cos (3\<e (V/3G (0, n)), and taking the principal branch, for 
|r(±l)|^l, I= £ l0 P.y.f ys^mn ± Xsgn(0 ln(l-|r(0| 2 )+o(l), with x sgn(0 , 



Zg{±1}, some R-valued, possibly zero, constants. One also shows that n^Li ^) = £ \o 



{±1} (^Tl) 2vri" r Z^ie{±l}- 

- valued, p 

(Tl)^ exp(i X^n=i ( / ) n)(l+o(l)); hence, from the above estimates, it follows that a(±l+ie) = e jo 

exp(f ) cxp(-P.V. / RU±1} Hl ^ 2) ^)(TD^ ex P (iE^ =1 <^n) 



where, from Lemma 2.1, 
tf-(C) 0;C) 
$+(C):=^+(x,0;C) 



m- ,. ,i, (l+o(l))- 



Method (ii). From Proposition 2.4, o(C) = (^ 2 (C)*n(C) -*&(C)*Ji(0) > CgC + , 



with «4(a;; C), B(x; £), §(x; C), and T(x; C) satisfying system (L2.1a), and 9 given in Lemma 2.2. 
Near ±1, let the small parameters be defined by [i± := Ct1 ; since r(Q £ Sc(M), it follows 
from a result of Zhou |2j| that A(x; fi±) = Yl^=o a n [ u i^]f J '± + C(l/ i ±| + °°) and B{x;n±) = 
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Yl^=o [ u i u ] ^±+0(1 Mi l + °°)> where u] , with ★€ {a, 6}, are functionals of « (x) and 
m (x). Substituting these asymptotic expansions into the first two equations of system (L2.1a) 
and using the geometric progression (l±z) _1 = X^LoC^-'-)™ z n > \ z \ < 1 5 one shows that, for 

C~±i, 

Ti(2+/x±T/"± + - • • )(«o + a f /"±+af A*±+«3 /^± + - ■ • )+d x (a^ +af^±+af /u|+of /4 + - • • ) 

+u (x)e~ ie (ao +af /j,±+af fi%+af //±H )(oq +af n±+a 2 ^±+03 ^±H )= u a {x) e" 9 , 

(L2.2a) 

±i(2+/x|TM± + - • • )(&o M±+^/4+&3 + - • • )+4(&o +6f A*±+i»2 M± + &3 M± + " • • ) 
+ ii (x) (6^ + 6f (jt± + b%ii\ + bfn 3 ± + • • • )(b^+bfii ± +bffj^+bffj 1 3 ±+- ■ ■ )=u {x). (L2.2b) 

From Eqs. (L2.2a) and (L2.2b), one has, from the 0(1) terms, 

-2ia+ + d x a+ + u (x)e- id (a+ ) 2 = u D (x) e ie , 2i6++c46++u (x)(6+) 2 = u (x), (L2.2c) 
210^ + ^00 +n (x)e~ ie (ag) 2 = « (x)e ie , -2i&Q +^6^ +u q (x)(6q ) 2 = u G (x). (L2.2d) 

Eqs. (L2.2c) and (L2.2d) are non-linear ordinary differential equations (ODEs) of the Riccati 
type for and 6q : for the purposes of this proof, their explicit solutions are not neces- 
sary (they can also be transformed into linear 2nd-order non-constant coefficient ODEs). 
From Eqs. (L2.2c) and (L2.2d), one shows that ag^o = el9 > hence, with the representa- 
tions := |<2q (x)| exp(i^(x)) and 6q := |6q (x)| exp(i(/>j_(x)), with |aj(x)|: R — > R+ (re- 
spectively \b^(x)\ : R -> R+) and <^(x) : R -> R \ {0} (respectively ^(x) : R -» R \ {0}), 
it follows that |«q (x)||6q (x)| = 1 and 4>±(x) + 4> b ±(x) = #mod(2-7r): one also requires that 
(zero-integral conditions) J R |w (?)l(l a o (01 + l a o(£)l~ 1 ) cos(arg(u D (£)) - 9 + <fi±(£)) d£ = and 
/ M l^(e)l(l4(0|-|4(e)|- 1 )sm(arg(n o (0M+^(e))de = 0. From Eqs. (L2.2a) and (L2.2b), 
one has, from the (D(fi±) terms, 

d x a^ + a+(2u o (x)e~ w a^-2i) = 0, d x b+ + 6+ (2u (x) b^ + 2i) = 0, (L2.2e) 
4.0^+0^ (2u (x)e _ie aQ +2i) = 0, 4&r + M 2 ^M & o — 2i) = 0. (L2.2f) 

Eqs. (L2.2e) and (L2.2f) are linear lst-order ODEs for af and bf which can be solved 

explicitly to yield af=c± exp(- J^ O0 (2u (^)e~ l9 aQ =F2i)d£) and bf = d± exp(- /+ 00 (2u (^) 6q ± 
2i)d£), with (c±,d±) G C x C. Once again, since r(£) 6 5c(R), it follows from a result of 
Zhou [|9| that, near ±1, with fi± := C=F 1, S(x;//±) = E^°=o s n [u,u]v± + 0(Im±| +o °) and 
T(x; /U±) = ^^L M]/i3.+0(|//±| +o °), where *^[u,u] :=*„, with *<E{s,t}, are functionals 
of u G (x) and u (x). Substituting these asymptotic expansions into the third equation of 
system (L2.1a) and using the geometric progression (liz)^ 1 = X^o^-O™ 2 ™' \ z \ < 1> one 
shows that, for £~±1, 

i(4+^M±+4/4 + - • ■ ) = =Fi(l=FM±+M± + - • • )+n (x)e- ie (a^+a^ ± + - • • ), (L2.2g) 
i(^+tf/i±+tf /4 + - • ■ ) = ±i(l=FM±+M± + - • • )+n c (x) (b± + bf/i± + - • • ). (L2.2h) 

Solving, algebraically, Eqs. (L2.2g) and (L2.2h) for the first two non-zero terms, one arrives 
at Sq ==Fl— iu (x)e~ ie a^ , £q =±1— iu (x) 6^, sf = 1— iu (x)e~ ie af , and tf = — 1 — iu G (x) &f, 
with 4 and 6^ (respectively af and 6^ ) as stated (respectively given) above. Substituting 
the above asymptotic expansions into the matrix representations for ^' =l: (x,0;C) given at the 
beginning of Method (ii), isolating the elements ^^ 2 (C), ^^(C), *i2(C)i an d ^21 (0; recalling 
that Oq 6q = e ie , choosing c± and d± judiciously, along with the convergence conditions 

M6ll4(6l cos(arg(u ^ 
9 + 4>%(^)) z fl) d£ < 00 (so as to remove secular terms), invoking the zero-integral conditions, 
and substituting, finally, into the expression for a(£) given at the beginning of Method (ii), 
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one shows that, for ( ~ ±1, ±2(C=Fl)a(C) = exp(/C ± + 0(C=F l))(eT -eT +0(C=F 1)), with 

o 

/C ± GC\ {0} and 0(1); hence, o(C) =c-±l «o +°(Ct1), where a± are some C-valued 0(1) 
constants (whose explicit expressions are not given here). □ 

Remark 2.3. The analysis for the singular limit |r(±l)| = 1 is not addressed in this work: 
it is assumed throughout that |r(±l)|^l. 

The t-dependence is re-introduced into the analysis by studying the dt&(x, t; £) = V(x, t; £) 
■ )P(x,t;C) component of system (2). It is shown in |J that the scattering map (S) u Q {-) ^ 
r(C) = 0l(u o (-)), which is a bijection for u Q (x) and r(£) belonging to the spaces defined 
heretofore, linearises the DyNLSE flow. This leads to the following 

Proposition 2.5 (|^, ^]). Let u(x,t) be the solution of the Cauchy problem for the DjN- 
LSE with finite- density initial data and ^(x,t;C) the corresponding solution of system (2) 
defined in Proposition 2.2. Then a(£,t) = a(Q and &(£, t) = b(£) exp(4ifc(£)A(£)f). 

From Proposition 2.5, it follows that, since a(£, t) is independent of t, a(£) is the "gen- 
erator" of the integrals of motion of the model, and, from the definition r(£,i) := , it 

follows that r((,t) evolves in the scattering data phase space according to the rule r((,t) = 
r(£) exp(4ifc(£)A(£)t), with r(()£5^(E). Assembling the above, one arrives at the following 
(normalised at oo) RHP for the M(2, C)-valued function m(x,t;Q. 

Lemma 2.4. Let u(x,t) be the solution of the Cauchy problem for the DjNLSE with finite- 
density initial data u(x, 0) :=u (x) = x ->±oo ^o(±°o)(l + o(l)), where u (±oo) := exp C^ 1 ^ ), 
6 is given in Lemma 2.2, u {x) E C°°(IR), and u {x) — u (±oo) E Sc(M.±). For ( E C+, set 

( *n(**0 (x t<) \ ( ¥+ (x,t;C) 

$(x,t;0 := _ a{0 12 , and, for ( E C_, set *(a?,*;C) := - a( ° , 

— y*+(x,t ; c) 2 ; ( - 

where a(£) is given in Lemma 2.2, ^^(x, t; Q are the solutions of system (2) defined in 
Proposition 2.2, and ^ ,=t (x,0;C) sofce (a;,0;£) = (jjjj) lozi/i i/ie asymptotics stated in 

Definition 2.1. S'ei m(a:, £) :=$(a;, t; Q exp(ik(Q(x-\-2\(Qt)o-s). Then: (1) the bounded dis- 
crete set o~d is finite; (2) the poles of m(x,t;Q) are simple; (3) the first (respectively second) 
column of m(x,t;() has poles in C+ (respectively C_) at {<in}n=l (respectively {~Sn}n=l)> 
S n : = e i<t,n , n e(O,7r); and (4) m(x,t; Q: C \ (a d U cr c )— >-M(2, C) solves the following RHP: 

(%) m(x,t;Q is piecewise meromorphic \/ CgC\ a c ; 
(ii) m±(x,t; C) :=lim £ iQm(x,t; (±ie) satisfy the jump condition 

m+(x, t; C) =m_ (x, t; ()G(x, t;(), (eR, 

where G(x,t;C) ■= exp(-ik(()(x + 2\(()t)ad(o- 3 )) ( 1+r «>ty r{ b\ and r{(), the re- 

flection coefficient of the direct scattering problem for O v , satisfies r(£) =f— >o C(C)j 
rCO^ooOCC" 1 ), r(i) = -^), ondr(C)€S£(R); 

(m) /or i/te simple poles of m(x,t;() at {? ra }^ =1 and {q7}^ =1 , i/iere exist nilpotent matri- 
ces, with degree of nilpotency 2, such that the residues of m(x, t; Q satisfy the polar 
conditions 

res(m(x,t;C);?n) = hm m(x,t;()g n (x,t)a-, ne{l,2,... ,N}, 



res(m(x,t;C);?n) =o-ires(m(x,t;C);?n)o-i, reE{l,2,... ,N}, 
where g n (x,t) := g ne ™{, n )(x+2\(<; n )t) ? ^ ^ = ^ _ ^) e -%„) j]^ and 

0(z) + ^^^y and 6 n := ^nle 1 ^, 6n G {±f }, are (pure imaginary) 
constants associated with the direct scattering problem for the operator O v ; 
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(iv) det(m(x,t;C))lc=±i = 0; 

(v) m(x,t;C) c = Ja 2 + O(l); 

(vi) as C^oo, C€C\(<7 d U<7 c ), m(x,t;0=I + O(r 1 ); 



(vii) m(x,t;Q possesses the following symmetry reductions, m(x, t; Q = aim(x, t; Q u\ and 
m(x,t; ^) = (m(x,t;()o- 2 . 

For r(C) G Sl(R): (I) the RHP for m(x,t;() formulated abov e is uniquely (asymptotically) 
solvable; and (II) <fr(x, t; Q :=m(x, t; Q exp(— i/c(£)(x+2A(C)i)<73) solves system (2), with 

u(x,t):=i lim {({m(x, t; C)-I))i2 (3) 

Q —* oo 
C 6 C \ (<T d U<T C ) 

the solution of the Cauchy problem for the DjNLSE, and 

(M?,t)| 2 -l)d{:=-i Mm (<(m(x, t; <)-I))n. (4) 



+ °° ceC\( ffd u CTc ) 



Sketch of Proof From the definition of <J>(x,i;£), £ G C \ R, given in the Lemma, the 
C^oo and C^O asymptotics for ^ ,± (x,0;C) (respectively a(C)) given in Lemma 2.1 (respec- 
tively Corollary 2.3), the (evolution) rule r(Q— >r(Q exp(Aik(QX(Qt), and the fact that a(Q 
is independent of t, one shows that 

$(x,t;C) f = (^ 2 + O(l))e- ife ^( :E+2A ^ <T3 : 

this can also be obtained by mimicking calculations similar to those given in the proof of 
Lemma 2.1. From the monodromy and unimodularity relations given in Proposition 2.4, one 
shows that <£(x,i;£), with &±(x,t;() := lim e jo ®(%, t; ( ± ie), satisfies the "jump" relation 

& + (x,t;C) = $_(x,t;C)( 1_r r ( ( C ( ) ) r(?) ~ r ®)' C G ^, where, from Corollaries 2.2 and 2.3, and 

Remark 2.2, r(±) = r(() ©(C 1 ), r(Q =^o 0((), and r(C) G S C {R). From 

the definition of <£(x,t;£), C £ C \ R, and the representation for a(C) given in Lemma 2.2, 

one shows that, for C G C+, $(x,t;C) = a — , and, for 

V«- i9(c) nir=igEg)* 2 -i(x,t;o *i(x,t;oy 



CgC_, $(x,t;C)= I _ ' " I , with 6{z) as defined in the Lemma; 



hence, it follows that the polar structure of &(x,t;Q is such that, for ( G C + (respec- 
tively £gC_), the first (respectively second) column of &(x,t;Q has (a finitely denumerable 
number of) simple poles at {? ra }^ =1 (respectively {?n}^ =1 ), where <; n :=e 1( ^ n , </>„G (0, n). Since 
a(C)lc=?n = 0' n G {1,2, . . . , A?"}, it follows from the monodromy relation given in Proposi- 
tion 2.4 that ^f~(x,t;q n ) = i & + (x,t;<; n )(^ b ® ^ b ^); hence, from this relation and the defini- 
tion of §(x, t; C) for CG C+, it follows that, with the choice g n = &„(fe-C>e~ ie(<:n) Il^=i fe=S> 



res($(x,t;C);?n)=hm c ^ <;n $(x, t; ()g n o--, nG{l,2, . . . , iV}: using the f act that %„) = %„), 
a similar argument shows that res(<3>(x, t; C); Sn) = <7ires(<l>(x, i; (); Sn) n G {1, 2, . . . , iV}. 
From the definition of <£(x,i;£), (" G C \ R, the jump condition for $>(x,t;Q, and the 
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fact that ^f(x,t;() satisfies the o~\ symmetry reduction ^(x,i;£) = ai^(x, t; Q ax, it fol- 
lows that t; () o\ = <£=p(x, i; £), namely, &(x,t;() = o"i<I>(x, t; Q a\: a similar argu- 
ment, along with the fact that r(^) = — r((), shows that <&(x, t; |) = (&(x, t; C)o"2- The fact 
that det(<3?(x, t; C))lc=±i = is a consequence of the definition of $(x,t;Q, the asymptotics 
(proof of Lemma 2.3) a(() =^±ia^ + 0((=fl), with / 0, and the degeneracy condition 
det(^(x,t;C))lc=±i =0 (Proposition 2.4). Now, setting m(x,t;() := <3?(x, t; () exp(ifc(C)(x + 
2A(C)^)c3), one arrives at items (ii)-(vii) of the Lemma: item (i) is an immediate conse- 
quence of the polar structure of m(x, t; and the fact that m(x, t; £) has a jump discontinu- 
ity across M. (oriented from — oo to +oo). Since the solution of the RHP for m(x, t; £) can be 
written as the ordered factorisation m(x, t; () = (I+A (x, i)£ )3>(x, t; ()md(x, t; Q)m c {x, t; (), 

where m c (x, t; Q (=aim c (x, t; () ai) G SL(2, C), m^(x, t; £) (=<r 1 mrf(x, t; () a\) G SL(2, C) has 
the representation m d (x, t; Q =I+En=i ( ^gg^ + gHg^g^k l ) , I+A (x, i)^ G 
M(2, C), with A Q (x,t) (= a\ A Q (x, t) a\) G GL(2,C), is analytic in a punctured neighbour- 
hood of the origin, and 3 5 (x,t;C) (= o-\T(x, t; () a{) G GL(2,C) is chosen so that A a (x,t) 
(= T(x, t; 0)md(x, t; 0)m c (x, t; 0)02) is idempotent, and, for 1 1^(-) I (K) := su PceM l r (C)l < 1) 
\{Q^{x, t; C)+Q(x, t; 0), with t denoting Hermitian conjugation, is positive definite, it follows 
that, either due to a classical result of Gohberg and Krein (see for details) or Zhou's skew 
Schwarz reflection invariant symmetry principle (see Theorem 9.3 in |3lJ] and Theorem 2.2.10 
in pSfl : see, also, |3^]), and the fact that Ylj=i^j = ^ Jr d(arg(det(£?(x, t; £)))) = 0, where kj, 
j G {1, 2}, denote the partial indices of the RHP factorisation for m(x, t; £), and the winding 
number of (1 — r(£)r(£)) vanishes (see Proposition 1.38 in |Q), that is, WK(l-r(()r(()) = 
Sze{±} s (O n (0 = 0> where s(+) = — s(— ) = 1 and n(±) := card|? n ; ^^(^n) > 0}, the RHP for 
m(x, t; () is asymptotically solvable: uniqueness follows from a standard argument (see, for 
example, Chapter 7 of f25|). The fact that u(x,t), defined by Eq. (3), satisfies the DjNLSE 
follows from the £ — > 00 asymptotics of m(x,t;C) (see the £ — > 00 asymptotics for $(x,i;C) 
given at the beginning of the proof and recall the definition of m(x, t; £) in terms of <£>(x, t; £)). 
The fact that <£(x, t; () =m(x, t; £) exp(— i/c(£)(x+2A(C)i)cT3) satisfies system (2) is a straight- 
forward calculation. □ 

Remark 2.4. The precise sense in which the limits for m(x,t;£) are taken is explained in 



detail in Chapter 7 of [25]. It is convenient to define the formal (space of) scattering data 
as SD := {(i-HCM?) -r(C)) , Cg r} u (U^ =1 {</>„, g n := \g n \^}) (c X R 3n , where 

M oo is some, unspecified for the time being, infinite-dimensional space): setting §D : — 
{ ( 1 ""HO® ~ r P) ' ^ GM } U ( U n=l{<M) ( c S!D )> one notes from the expression for 6 given 
in Lemma 2.2 that 6: ST> -» [0,2vr), namely, {r(0, (Gl}U (U^ =1 {0„» ^ -2£^ =1 n - 

r+00 ln(l-\r(fi)\ 2 ) dfi 
J — 00 fj, 2n ' 

Since a(£) is independent of t, it follows from a well-known result || that ln(a(£)) is the 

generating function for the integrals of motion, namely, ln(a(C)) =c^°° Yl^Lo ^n[u,u](~ n + 

Cec + 



0(|Cr°°), where I n [u, u] are local functionals of u(x, i) and u(x, t). This leads to the following 
(trace identity) 

Proposition 2.6. 

/+00 N r+00 
(|n(e,t)| 2 -l)de = -2^sin(^)- / ln(l-|r(/z)| 2 )^. 
-00 1 J— 00 



Proof. From Corollary 2.3, it follows that, for (GC+, ln(a(0) =C-°o f +0 1-^(\ u (^ *)l 2 - 
1) d^)C _1 + 0(C~ 2 )- Using the representation for a(£) given in Lemma 2.2 and the fact that 
r(C) G «S C (M), one deduces that, for ( G C+, ln(o(0) =c-oo f + (En=i(^-?n) + f+™ ln (l " 
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K^)| 2 ) ^)C- 1 +0(C- 2 ): noting that Eti(^n) = -2iEti MM, with | Eti(^n)K 
2iV, equating the above (two) C^°o asymptotics for ln(a(C)), one obtains the result stated 
in the Proposition. □ 
Heretofore, the discussion has focused on the general case when Oqt> :=spec(O v ) = adDa c , 
with <7dn<7 c = 0, where ad and a c subsume, respectively, the "iV-dark soliton" (discrete spec- 
trum) and "continuum" (continuous spectrum) contributions to the solution of the Cauchy 
problem for the DjNLSE: in this work, only the asymptotics of solutions to the Cauchy prob- 
lem for the DjNLSE in the so-called solitonless sector, that is, <7d = and <r c ^0, are studied 
(the asymptotic analysis for the general case {u^Cc} ^ {0)0} is m progress). Essentially, 
in the construction of the asymptotic solution of the RHP for the M(2, C)-valued function 
m(x,t;() stated in Lemma 2.4, <Td = means dropping all reference to the polar structure of 
m(x,t;C) at {<j n ,^7}^ =1 : all terms depending, in any way, on {^ n ,^n}n=i are absent from the 
specification of the RHP for m(x, t; £); in particular, a(£) = e^ exp^— f^™ ln( - 1 ( ~^^ ^ , 
C € C+, with 0^9=- Wi-kMI 2 ) < 27r> t . q = j and it ig sufficient to take 

y(x,t;Q = I. One is lead to the following (normalised at oo) RHP for m(x,t;(): 

Lemma 2.5. Let u(x,t) be the solution of the Cauchy problem for the DjNLSE with finite- 
density initial data u(x,0) :=u (x) = x ->± 00 u (±oo)(l+o(l)), where u (±oo) :=exp( ^ 1= !^ e ), 

< = -f+™ ln(1 ~'; (At)|2) ^ < 2vr, u (x) € C°°(R), and u (x) - u (±oo) G S C {R ± ). Then 
m(x,t;(): C\cr c ^M(2,C) solves the following RHP: 

(i) m(x,t;Q is piecewise holomorphic \/ (6C\(T C ; 

(ii) m±(x, t; :=lim £ ^o rn(x, t; C±ie) satisfy the jump condition 

m+(x, t; C) =m_ (x, t; ()Q(x, t;(), (£R, 

where G(x,t;() := exp(-ifc(C)(x + 2A(0t)ad(cr 3 ))^ ^tt® ~ r ®) , and r((), the re- 
flection coefficient of the direct scattering problem for O v , satisfies r(Q =£— >o @{C)> 
riO^ooOiC 1 ), r(i) = -^), andriOGSl 

(Hi) det(m(x,t;C))lc=±i = 0; 

(iv) m(x,t;C) c = Jo- 2 +0(l); 

(v) asC^oo, CgC\ct c , m(x,t;0 = I+O(r 1 ); 



(vi) m(x,t;() possesses the following symmetry reductions, m(x, t; Q = aim(x, t; Q o\ and 



m(x,t; ±) = (m(x,t;()o- 2 . 



For r(() G Sq(R): (I) the RHP for m(x,t;Q formulated above is uniquely (asymptotically) 
solvable; and (II) &(x,t',(,):=rn(x,t;C,)exp(—ik(Q(x+2\(Qt)o~3), with $>(x,t;Q in terms of 

*±(x, t; C) as defined m Lemma 2.4 for a(() = exp(f) exp(- /+£ g), C € C+, 

solves system (2), 

u(x,t):=i lim (C(m(x, t; C)-I))i2 (5) 

(—>oo 
C6C\<r c 

is the solution of the Cauchy problem for the D/NLSE, and 

(K£,t)| 2 -l)d£:=-i lim (C(m(ar,t;C)-I))n. (6) 



f < 

J+oo 



C e c \ <t c 
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Corollary 2.4. In the solitonless sector (o"d = 0), 

/+oo f+OO 
(K^)| 2 -l)d£ = - / In(l-|r(Ai)| 
-oo J — oo 



Proof. Since, in the solitonless sector, A a = (Lemma 2.2), it follows that Xm^=i s i n (^r») = 
0: the result stated in the Corollary is now a consequence of Proposition 2.6. □ 

Lemma 2.6. The solution of the RHP for m(x, t;(): C \ o c — » M(2, C) formulated in Lemma 
2.5 can 6e written as the following ordered product, 

m(x, t; C) = (I + A (x, £)CV C (^ t; (), (7) 



where A Q (x, t) G GL(2, C), det(I+ A Q (x, t)C 1 )lc=±i = 0, o"iA (a;, i) o\ = A a (x, i), with finite, 
order 2, matrix involutive structure, 

( AjH^Qe^ /^ ^i+(Aii(x,t))2e-»(*.*) \ 
A ol x,tj-^ ^ 1 + (A ii (X)t))2e i^, t ) A^O^K^ 1 ^ r ' 

and A^ 1 (x,t): KxK->l ana 1 ■&{x,t): lxl-»R \ {0} obtained from the determining 
relation A (x, t)m c (x, t; 0) = 02 (det(A Q (x, i)) = det(<72) = —1), and m c (x,t; £) : C \ cr c — > 
SL(2,C) solves the following RHP: (%) m c (x,t\C) piecewise holomorphic VCgC \ a c ; (2) 
m+(x,t;() = m ( L(x,t;QQ(x,t;Q, C G where Q(x,t;() is defined in Lemma 2.5; f5j as 
>oOj ("gC\ct c , m c (x, t; C) = I+0(C _1 ); an d (4) m c (x,t;() satisfies the symmetry reduction 
m c (x,t;Q = aim c (x,t;Qai and the condition (m c {x, t; 0)o"2) 2 = 1. 

Proof. Follows from the ordered (matrix) product given in Eq. (7) and Lemma 2.5. □ 

Remark 2.5. The M(2, C)-valued function 1+ A a (x, t)C l , with A a (x, t) G GL(2, C), which 
is analytic in a punctured neighbourhood of the origin, plays a role somewhat analogous to 
the (analytic) matrix- valued function E(z) in |j4j. One can take a Laurent expansion of the 



form I+X^jez A?( x ' *)C 3 ■> with a\Aj(x, t) o~\ = Aj(x, t) and Aj(x, t) G GL(2, C), for the first 
factor on the right-hand side of the ordered product in Eq. (7); however, in order to satisfy 
the conditions imposed by Lemma 2.5 on the solution of the RHP for m(x,t;(), one shows 
that Aj(x,i) = (o (j), jGZ\{l}, and only the Ai(x,t) :=A (x,t) term is non-zero. 

Hence, the main technical thrust revolves around the explicit (asymptotic) construction of 
m c (x,t; Q, and the determination of A Q (x,t) is relegated to a purely algebraic computation, 
namely, A (x, t) = a2(m c (x, t; 0)) _1 . 



3 The Beals-Coifman Construction, the Deift-Zhou Non-Lin- 
ear Steepest-Descent Method, and Summary of Results 

In this section, the Beals-Coifman (BC) construction (2J] for the representation of the solution 
of the (matrix) RHP for m°(x, t; Q on M. stated in Lemma 2.6 is succinctly recapitulated, the 



Deift-Zhou (DZ) non-linear steepest-descent method [27] for the asymptotic analysis of the 
RHP for m c (x,t;C) is discussed in detail, and the results of this work are summarised in 
Theorems 3.1-3.3. 

The solution framework for matrix RHPs of the type stated in Section 2 (for m c (x, t; £)) 
is constructed according to the BC formulation (2J] , a self-contained synopsis of which, with 
some requisite preamble, follows (explicit x,t dependences are temporarily suppressed). One 
agrees to call a contour r" oriented if: (1) C\r" has finitely many open connected components; 
(2) C \ r« is the disjoint union of two, possibly disconnected, open regions, denoted by 13 
and 15~ ; and (3) r" may be viewed as either the positively oriented boundary for 13 + or the 
negatively oriented boundary for 15 (C \ r" is coloured by two colours, namely, ±). Let 
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as a closed set, be the union of finitely many oriented simple piecewise-smooth arcs. Denote 
the set of all self-intersections of r" by r" (with card(r^) < oo assumed throughout). Set 
r" := r" \ r". The BC construction for the solution of a (matrix) RHP, in the absence of a 
discrete spectrum and spectral singularities [2^| , on an oriented contour r" consists of finding 
an M(2, C)-valued function X(X) such that: (1) X(X) is piecewise holomorphic VAgC \ Y\ 
X{X)\ C \ T b has continuous extension to r", and lim a'^a Jftt \^(^')~ X±{X)\ 2 | d A | = 0; (2) 

A' 6 ± side of fit 

X + (\) = X_(\)v(\), AgT«, for some "jump" matrix v(X): r*->GL(2,C); and (3) uniformly 

as A -> oo, A G C \ r«, X(X) = I + C(A _1 ). Let v{\) := (I- w_(A))- 1 (I + w + (A)), A G r«, 
be a factorisation for v(X), where u>±(A) are some upper/lower or lower/upper triangular 
(depending on the orientation of r") nilpotent matrices, with degree of nilpotency 2, and 
w±(X) G rip g { 2 ,oo}^M 2 (C)( ) * s unbounded, one requires that w±(\) = a^oo ( q o ))• Define 
ui(A) := w + (X) +W-(\), and introduce the Cauchy operators on £^ 2 ^(r"), (C±/)(A) := 
lim V _ A J rtt ^i_^,whereA / ^A(Grt t ),A / G±sideofrt ) ,denotesthe non-tangential 

limits' from the ±-sides of r» at AgT«, /(•) g£^ (c) (T*), with C± : £^ (c) (r») ^£^ (c) (r«) 

bounded in operator norm, namely, ||C±||>j-(ri) < °°> where N(*) denotes the space of all 

bounded linear operators acting from £m 2 (C)(*) into £m 2 (c)(*)' and IKCi/XOIIz:^ c (*) ^ 

const.||/(-)|| jC 2 [ (C) (*)- Introduce the BC operator on £m 2 (C)(*)' C ™f :=c +(f w ~)+ c -(f w +)'i 

moreover, since c\r« can be coloured by two colours ±, C± are complementary projections 
g , = C+ , C72 = -c_ , C + C_ = C_ C + = 0, and C+-C_ = 1 : in the case that C7+ and -CL 

are complementary, the contour r" can always be oriented in such a way that the ± regions 
lie on the ± sides of the contour, respectively. Re-introducing x, t dependences, specialising 
the BC formulation to the solution of the RHP for m c (x,t;( l ) on <r c = R (oriented from — oo 
to +oo), and defining G(x, t; £) := (I—w_ (x, t; Q) -1 (I+w+(x , t; £)), the integral representation 
for m c (x, t; (,) is given by the following 



Lemma 3.1 (Beals and Coifman j23|]). Let 

^(x,i;C) = m;( 2 ;,f;C)(I+^( 2 ;,t;C))- 1 =m c _(x,t;0(I-^(x,t;C))- 1 . 

If /i g (x , i; £) Gl+ J Cj^ 2 ( C )(CT c )Q:={I+fo(-); h(-) E £^^ c Ja c )} solves the linear singular integral 
equation 



(l-C wS )^ g (x,t;C)-l) = C we l = C + (w g (x,t;C))+C^(w g + (x,t;C)), (£a c 

'M 2 (C)' 



where 1 is the identity operator on !+£?» , (<t c ), i/ien the solution of the RHP for m c {x, t; () 



is 



c, 4. a\ t I f H G (x,t;z)w G (x,t;z) dz 
m(x,fX) = l+J^ ^ teC\a c , 

where fJp(x, t;z):= ({1 — C w g ) _1 I)(:r, t; z), and uP(x, t; z) ■=Ylie{±} w l ( x > z )- 

Remark 3.1. The central difficulty subsumed in the analysis is concerned with the existence 
and invertibility of the operator 1 — C w g, in particular (1 — C^s) -1 , as an operator from 
^M 2 (C)( CTc ) ~~ * ^M 2 (C)( C '' C )' ^ n Sections 4 and 5, it is shown by explicit construction that, 
asymptotically, ker(l— C^e)^ 2 (<r c ) = 0> or > alternatively, the Fredholm index of 1—C w g on 

^MofCl^e) is Zer °' that is ' 



i (1 - C w g ) ^ (q (CTc) := (dim ker (1 - C w g ) - dim coker (1 - C w g )) ^ (CTc) = 0. 



^or /(C) el+^ 2(c) (*), ||/(-)lli + ^ l2(c)W :=(l/M| 2 + ||/(-)-/MI| 2 £ 2 i2(c)W ) 1/2 |l| 
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From Lemma 2.6, the ordered factorisation of Eq. (7), and Eq. (5), one shows that 



u(x,t)=i(A (x,t)) 12 + / (fj?(x,t;z)) n r(z) exp(-2ii0 u (z)) 



dz 

(8) 

0"(C)H(C-f)(* o +C+f), « :=f 

(with an analogous expression for J^^du^, t)\ 2 — 1) d£), where (*)ij denotes the (ij)-element 
of *. It is clear from Eq. (8) that the determination of u(x, t) comes down to an asymptotic 
analysis of the resolvent kernel, ^P(x, t; z), for which no a priori explicit information regarding 
its analytical properties is available: the remedy to this is achieved via the application of 
the DZ (non-linear steepest-descent) method [ p7|] , complemented by the explicit asymptotic 
solution of an auxiliary system of linear singular integral equations. In analogy with the 
method of steepest descents, the DZ method begins by examining the saddle point(s) of 
the phase function, 9 U (C)- The following cases evince themselves: (i) t — ► =Loo and x — > =poo 
such that z < -2, d ( 9 u (C) = r 3 (C-Ci)(C-C 2 )(C-C 3 )(C-C4), where {Ci}f =1 are defined in 
Theorem 3.1, Eqs. (16) and (17); (ii) t — > ±oo and x — ► ±oo such that z Q > 2, d^6 u (() = 
C~ 3 (C-^i)(C-^2)(C-^3)(C-^4), where {^}f =1 are defined in Theorem 3.1, Eq. (24); (iii) 
t— >±oo and x^=Fcx> (respectively x— >±oo) such that z G(— 2,0) (respectively z o £(0,2)), 

5 C 6» W (C) = C" 3 (C - Ci) (C - Ci) (C - Cs) (C - Cs) , where (L n€{l,3}, are defined in Theorem 3.2, 
Eqs. (36) and (37); (iv) t — > ±oo and x — > =Foo (respectively x — > ±oo) such that z G — > 0~ 

(respectively z o ^0+), d c 6 u (() = C~ 3 (C-e^)(C-e"^)(C-e^)(C-e"^); (v) t -► ±oo and 

x -> =foo such that z D = -2, 6» C 6»"(C) = C" 3 (C - 1) 2 (C - e^)(C - e"^); and (vi) t -> ±oo 

and x -> ±oo such that z Q = 2, d ( u (() = C~ 3 (C + l) 2 (C-e^)(C-e"^). Cases (i) and (ii) 
correspond to oscillatory asymptotics, cases (iii) and (iv) give rise to exponentially decaying 
asymptotics, and cases (v) and (vi) give rise to asymptotics which are related to those of 



the transcendent of the Painleve II equation (PII) |35|, gg, 37, 38, |39|]. In this work, only 
cases (i)-(iv) are considered, and cases (v) and (vi) will be studied elsewhere. Hereafter, the 
discussion will focus exclusively on how the DZ method is applied to the subcase t — > +oo and 
x— >— oo such that z Q <— 2 of case (i): analogous statements/arguments, with corresponding 
modifications, apply to cases (ii)-(vi). Succinctly, the DZ method for (oscillatory) RHPs 
is based on a succession of transformations (involving judicious factorisations of the jump 
matrix), and deformations of o c (orientations, too), which, as t^+oo, convert the original 
RHP into an equivalent RHP (in the sense that a solution of the equivalent RHP gives a 
solution of the original RHP and vice versc^ with jump matrix <5 e quiv(a^ £; C) of the form 
Gcqm V {x,t;() =g mo del(x,t;()+G eiIOT (x,t;(), where G mo del(x,t; () is the jump matrix for an 
explicitly solvable model RHP, and G CTTOr (x,t; () = t ^+ool+o(l) . Modulo error estimates, the 
solution of the original RHP "tends to" the solution of the model RHP. The delineation of 
the DZ method is as follows: 



(i) decompose the complex plane of the spectral parameter £ according to the signature of 
3f?(it6» M (C)) (see Section 4, Figure 1), where ±^$l(it6 u (()) ^0, and {C 2 , Ci} and -^3,(3} 
are, respectively, the real and complex first-order saddle points (note that C \ a c is 
partitioned into the disjoint union of two disconnected domains coloured, respectively, 
by ±); 

(ii) reorient u c = R (oriented from — 00 to +00) according to, and consistent with, the 
signature of 5ft(i£#"(£)), denoted by o' c (see Section 4, Figure 2), "conjugate" the RHP 
for m c (x, t; £) according to m c (x, t; £) :=m c (x, t; C)( < 5(C))~ fT3 ! where 6(() solves the scalar 



2 In particular, if there are two RHPs, (Afi(A), Vi(A), T%) and (X2(X),V2(X),T2), say, with F2 C Ti and 
«i(A) tr 1 \r 2 = i-»+cx) I + o(l), then, within the BC framework (Lemma 3.1), and modulo o(l) estimates, their 
solutions, Xi(X) and X2(X), respectively, are (asymptotically) equal. 
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discontinuous RHP 



MO 



*_ (O(l-r(C)r(C)), K(C) G (-oo, 0) U (C2, Ci), 
5-(() = 5((), K(C)e(0,C 2 )u(Ci,+oo), 



<y(C) = l+ocr 1 ), 

£ — > 00 

with solution o(0 _ (fcl)'" exp^MiglglQ fe+J <. to(i^) ^ g) , wh- 

ere v := — ^ ln(l — |r(Ci)| 2 ), <5(()<5(C) = 1, and 5(C)5(i) = <5(0), and derive the following 
RHP for m c (x,t;C): C \ tr^SL(2, C), 

m;(x,t;C)=m c _(x,t;C)(_ &(c) 1 r2e2 ^(c, J ) ( J *0(MO) 2 e-™ "«> ) , ^ 



m c (x, t; C) = c-00 I+0(C _1 ), m c (x, t; () = a 1 m c (x, t\ Q <Ji, and (m c (x, t; 0)(5(0)) (T3 a 2 Y 

Cec\a' c 



I, where p(() : 



HQ, »(C)€(0,C2)U(Ci,+oo) 

-r(()(l-r(0r(0r\ K(C) G (-00, 0) U (C 2 , Ci) 



(hi) on each interval (— 00, 0), (0, (2), (C2 > Ci ) > an d (Ci>+°°)> replace r(Q by rational func- 
tions, and deform and augment o' c to the (oriented) contour Yl (see Section 4, Figure 3) 
such that the respective jump matrices on a' c C £' and the finite triangular humps 
(respectively linear segments) of £' \ a' c , away from the union of the neighbourhoods 
of the real first-order saddle points ( 2 and £1 (respectively complex first-order saddle 
points (3 and £3), tend to I as t — > +00, and rewrite the RHP for fh c (x, t; £) on a' c as an 
equivalent RHP for an SL(2, C)-valued function m^(x,t;C,) (see Section 4, Lemma 4.3 
for the explicit transformation from fh c (x, t; £) to rr$(x, t; £)) on S' (this is possible due 
to the fact that the index of the RHP is a topological invariant p3| ) ; 



(iv) showing that the contribution of (3 (respectively (3) to the leading-order asymptotics 
of mr(x, t; £) is 0(exp(—g(z )t)), where g(z Q ) >0, truncate Tl to the (oriented) contour 

see Section 4, Figure 4) partitioned such that = S^/ US^/ and E^/ n = 0, 
with dist(SA', S B /) =4^+00 O(l); 

(v) localising the jump matrices of the most rapidly descented RHPs on the union of the 
truncated disjoint crosses to the open neighbourhoods of £1 and introducing the 
scaling-shifting operators (see Section 5, Eqs. (105) and (106)) Ma, f(()^(MAf)(w) = 

f ( C2+iS /lb=M Jm^), and Mb, g«) ~ (M B g) (w) = g ((i+w/&=^ ■ l 2 -^& 



which scale and shift (centre) S^/ and E^, respectively, to w = 0, deducing that the 
leading-order asymptotics are 0{t~ 1 / 2 ), and showing that the higher order interaction 
between the crosses is 0{t~ l / 2 \nt), one separates out the contributions of the crosses 
and shows that u(x, t) can be written as the linear superposition of the contributions of 
the various (disjoint) crosses, and, with additional transformations and scalings, reduce 
the RHPs on the crosses to model RHPs (on R) which can be solved in closed form in 
terms of parabolic cylinder functions. 



Remark 3.2. Throughout this work, M G R>i denotes a fixed, bounded constant, and the 
"symbols" c 5 (■(}), c(b, \], (J), c(zi, Z2, Z3, 24), c(»), and c appearing in the various error estimates 
are to be understood as follows: (1) for ±0 > 0, c s (<>) G cS c (M±); (2) for ±b > 0, c(b, \\, ft) € 
£^(R±xC*xC*), where C* :=C\{0} (and bounded); (3) for (z\, z 2 ) G R±xl±, c{zi,z 2 , z 3 , z 4 ) G 
£|f (R|xC*xC*); (4) for ±«>0, c(«) e£g > (D ± ), where D+:=(0,2) and D_:=(-2,0); and (5) 
cGC*. Even though the symbols c 5 (<0>)> c(b, t|, (J), c(z\, z 2 , z%, Z4), c(»), and c appearing in the 
error estimations are not, in general, equal, and should properly be denoted as ci(-), C2{-), etc., 
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the simplified notations c s ((}), c(b, t|, jj), c(z\, Z2, Z3, Z4), c(«), and c are retained throughout 
in order to eschew a flood of superfluous notation, as well as to maintain consistency with 
the main theme of this work, namely, to derive explicitly the leading order asymptotics and 
the classes to which the errors belong without regard to their precise ^-dependence. 



Remark 3.3. In Eqs. (9) and (18) below, one should keep, everywhere, the upper (respec- 
tively lower) signs as t^+00 (respectively t— >— 00). 



Theorem 3.1. For r(() G <S C (R) H {h(z); ||fo(-)ILc°°(R) : = su P z eR \ h ( z )\ < 1 }, let m(x,t;() 
be the solution of the Riemann-Hilbert problem formulated in Lemma 2.5. Let u(x,t), the 
solution of the Cauchy problem for the DjNLSE with finite- density initial data u(x,0) := 

n (z)=^ ±00 n (±oc)(l+ (l)), whereu o (±oc):=exp(^-) ! 0^e = - /+~ MlzMi ^ < 

2n, u (x) G C°°(R), and u {x) — n (±oo) G <Sc(M±), be defined by Eq. (5). Then as i — > ±00 
and x— >=F°o such that z Q :=x/t<—2, 

u(x,t) =e~ ie± W ( 1+ f f Cl eTi(e ± (, , t )±(2Ti)|) + C2e ±i(e±(, ,t)±(2 T i)|)\ 

I vi*i(Ci-c 2 ) (^+32)1/4^ ; 

11 VCi(^o 2 +32) VC 2 (^o 2 +32) hCi-M J' U 



where 



„- (0:= ^Ml-|rMI J )j g+ pMl-|rO.)|')j £| i£{01} (u) 

Jo A* 27T /i 27T 

^):=-^lu(l-|r(z)| 2 ), (12) 
e ± (z ,t):=±argr(Ci)-ar g r(i I ,(Ci))±t(Ci-C2)(^ + Ci+C2) + ^(Ci)ln|t| 

+ 3z.(Ci)ln(Ci-C2) + ^(Ci)ln(z 2 + 32) T O ± (Ci)±^ ± (0), (13) 

fi+(;z) = - /"° ln|/i-z|dln(l-|r(/i)| 2 ) + - /" * \n\fi-z\d ln(l- |r(//)| 2 ), (14) 

J-00 7T J ?2 

1 fC2 1 /■+<» 

QT(z) = - ln|//-z|dln(l-|r(^)| 2 ) + - / ln|/x-z|d ln(l- |r(^)| 2 ), (15) 

" Jo ~ 
1/ — ;\ 1 1 



Ci:= 2i v " ai + V a i" 4 J' C2 "' C 3 :=2( v - a 2+iV4-a 2 J, C4 = Cs, (16) 
ai = i(z -v^+32), 02 = ^(2:0 + ^0+32), (17) 

< < Ci; IC3I 2 = 1; ai02 = — 2, and T(-) is i/ie gamma function and as i — ► ±00 and 
x— >±oo snc/i i/iai 2: >2 ; 



^ ' V VN(«3-H 4 )(^ + 32)V4^ ; 

g /Y ^3)^4,^2) c^ 4 )c(tt3,Ni,N 2 A ln|t| \\ 
11 VI«3|(^+32) v / l«4|(^ 2 + 32) m-W ' 
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where 



Jk 4 M 27r ./o A 4 2vr 

$ ± (z ,t):=±argr(H4)-argr(^(H 4 ))±t(H4-H3)(^ + H3 + H4)+^(H4)ln|t| 

+ 3^(H 4 )ln(K3-K4) + ^(H4)ln(z o 2 +32) T A ± (H 4 )±|A ± (0), (21) 

i r^ 4 i r° 

A + (z) = - ln|^-z|dln(l-|r(^)| 2 ) + - / ln|^-z|d ln(l- \r{fi)\ 2 ), (22) 
A~(z) = - ln|/i-z|dln(l-|r( A i)| 2 ) + - / ln| M -z|dln(l- |r(^)| 2 ), (23) 

Vk 4 ^ JO 



«i:=^-ai+i^/4^^, « 2 = Ni, H 3 :=^-a 2 + y^4^ K 4 = ^, (24) 

H 4 <K3<0 ; and |Hi| 2 = l. For u(x,t) as defined and given above, let /f^G^^OI 2- 1) d£ 6e 
defined by Eq. (6). Then: (i) as t^+oo and x^—oo such that z Q <—2, 

cos(e+(z ,t) + f) 



g fV ^((1)^2^3,(4) ^(^(Ci.Cs.CO A int \ 

U vci(^ 2 +32) vc 2 (^ 2 +32) y (C1-C2)* y ' 



f (Ke,t)i 2 -i)de = -#-(o) 

j— 00 



cos(e+(z ,t) + f) 

^(Ci-C 2 )(^ 2 +32) 1 /4 



, , / / f / c- 5 (Ci)c(C2,C 3 ,C4) ^((2)^(1,(3, C 4 A Int \ 



(ii) as t^—00 and x^+00 such that z Q <—2, 

2 7KC0 cos(e-(z ,t)-f ) 
V / l*KCi-C2)(^+32)V4 



f (|n(e,t)| 2 -l)d^ = r(0)- 



g // ^((1)^2,(3,(4) ^((2)^1^3,(4) ^ ln|t| \ 
II VCi(^o 2 + 32) VC 2 (^ + 32) j(Ci-C 2 )i/' 



£ (lu ,,p- 1 )^-^o ) - ^^-y> 



VN(Ci-C2)(^ 2 +32)V4 

, r ,/ / f / c- 5 (Ci)c(C2,C3,C4) ^((2)^1,(3,(4) ^ ln|t| \ 
U A^!T32) + 7(2^32) i(Ci-C 2 )W' 
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(Hi) as t^+oo and x^+oo such that z >2, 

2^/^) cos($+(z ,t) + f) 



f ( W e,t)i 2 -i)de = ^(o) + 

J+oo 



+00 7 y/m 3 -K 4 ) (^ 2 +32)V4 



II v»f+32) vW!+32) i(K 3 -K 4 )il' 



^(^4)^3^1,^2) ^ lnt \ 



and (n;,) as i^— 00 and — such that z Q >2, 



c (( c s ^3)0(^,^2) ^4)^3,^2 A jnjtj \ , . 
U VI«3|(^ 2 +32) vW!+32) i(Ks-H4)tr 



Aoo U V? ' Jl ^ ^ 1 ^ »5 fe 2 + 32)V4 



VI*|(«3-«4) K 2 +32)V4 

{{ VlN(^ 2 +32) ){X 3 -*A)t)- 

Theorem 3.2. For r(() G 5 C (M) n {h(z); \ \h(-)\ \ c °°(r) ■= sup zGR \h(z)\ < 1}, let m(x , t; () be 
the solution of the Riemann-Hilbert problem formulated in Lemma 2.5. Letu(x,t), the solution 
of the Cauchy problem for the DjNLSE with finite- density initial data u(x, 0) :=u (x) = x ^±oo 

Uo (±oo)(l+o(l)), where u (±oo):=exp(i£&°), < 9 = - /+~ < 2n, u Q {x) G 

C°°(R), and u (x) — u (±oo) G 5ic(M±), &e defined by Eq. (5). S'ei si := ("{ = exp(i^i) and 
S2 :=C 3 = ex P(i<?3)> where and (p n , nG{l,3} ; are defined in Eqs. (36) and (37). Then: (i) 
/ orr ( Sl )=exp(-i^)|r(si)| ; eiG{±l}, r(s^) =exp(^f )|r(<^)| ; £ 2 G{±1}, 0<r(s 2 )^)<l, 
and E\=Ei, as t^+00 and x^—co such that z :=x/t£ (—2, 0), 

u(x,*)=e-^ (1) 1 + - ^ =t(isin(i(£i+£ 3 ))siiili(a_t+c_ 

+ 1 ln (£?) " lnn -) +cos(i(^ 1 + ^ 3 )) cosh(a_t+cl + § ln(|=$) ~ln3_)) 

"HP))- 

and, /or £1 = —£2, 

.,,„,/ e i(£iT-(vi-?3)) e -(a+t+H+)n 

i) =e-^ + W 1 - : i (i sin(i(^i +£ 3 )) cosh(a_t+c_ 

V bVt 

+ I ln (^)- lnn -)+ cos (l(^+^))smh(5-t+?- + |ln(g|)-lnn_)) 
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where 

„,+(,) := /° Mi-irMi') de t ie{01}> (35) 

C tt := _i( ai _ i (4_ a 2)i/2 ) = e ^i ) ^ 1 = axctan( (4 - | g 1/2 )g(0,f), oi<0, |ai|<2, (36) 

C «: = _i( a2 _i(4-a2) 1 /2 ) = e i?3 ) ^ 3 = _ arc tan (^gf^) G ( f , tt) , a 2 >0, |a 2 |<2, (37) 

5 ± :=iz ((4-a?) 1 / 2 T (4-a2) 1 /2 ) _i (ai(4 _ a 2 ) i/2 Ta2(4 _ a 2 ) i/2 )) ~ +>Q) (3g) 

f° ln(l — |r-(/i)| 2 ) d/i /° ln(l-|r(/i)| 2 ) dp . . 

J-00 (/U-COS^l)^ + Sin Z 9?i 27T 7_ 00 (/i-COS^ 3 )2 + sm Z (/2 3 27T 

6:=2- 1 / 2 (z 2 +32) 1 / 4 (4-a 2 ) 1 /8(4- a 2) 1 /8, ( 40 ) 

+ ' i(l-r( S2 «j ' ^ |r(^)| ) ' 1 j 

a:=min{i(z -a 1 )(4-a 2 ) 1 / 2 ,-i(z -a 2 )(4-a^ 1 / 2 } (>0), (42) 

/3:=min{I(z 2 + 32) 1 /2(4-a 2 )V2 ) i( z 2 + 32) 1 /2 (4 _ a 2 ) i/2 } (>0)> (43) 

and a\ and a 2 are given in Theorem 3.1, -Eg. (17); (m,) /or r(sj) = exp(^^)|r(si)| ; eiG{±l} ; 

r(s 2 ) = exp(— 1£ | ZL )|r(s 2 )|, e 2 e{±l} ; < r(si)r(si) < 1, andei = £ 2 , ast^— 00 andx^ +00 
suc/t i/iai z D G (—2, 0), 

u(x,*)=e-^ (i) 1 + - ^= !±(isin(i(^i+^ 3 ))sinli(o-|t|-cL 

+ l ln (i^) + lnn -)- cos (^^ + ^))cosh(5_|t|-c_ + iln(g|)+lnl_)) 

and, /or £1 = — e 2; 

u(x,t)=e-^ W 1-- ^-J= !±(isin(±(£i+£ 3 ))cosh(a_|*|-c_ 

V M*l 

+ S ln (tf) + lnn-)-co S (i(^ 1 +^3)) S mh(H_|t|-c_ + |ln(| r |)+lnT 

/ft 



+o S W|^! , (45) 



where 



r(l): ie{0 , 1} , (46) 



, /i' 2vr 

. f + °° ln(l-|r(/x)| 2 ) d/i . /-+ 00 ln(l-|r(/i)| 2 ) d/z 

• : = sin ¥>i / _L^L^_ ^ T sm (^ 3 ) / _LA^L^_ _^ (47) 

JO (// — COS<£i) +S1IT 27T 7 (/i-COS(/93)^+Sin z (^3 27T 
\ 1/2 / — — — \ 1/2 

|r(si)||r(s 2 )| \ -j , = / \r{s 2 )\(l-r{s 1 )r(s 1 )) \ 



(l-r(si)r(5T)) / V k(5i)| 
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(Hi) jbr_r(<^) = exp(-i^)|r(a2)|, £1 G {±1}, r(*i) = exp(^)|r(ai)|, e 2 G {±1}, < 
r(si)r(sl) < 1, and E\=£2, ast^+co andx^+co such that z Q £ (0,2), 



p §(ei7r-(^i-<p 3 )) p -(a+t+c+)n 

u(x,t) = -e-^ (1) 1 + - =±(isin(i(^ 1 +^ 3 ))smh(a_t+?_ 

+1 ln (fe#) + ln5 -) +cos(£(£i+fo)) cosh(a_*+cl + | ln(|=g) +In3_)) 

and, /or £i = — e 2 , 

■ i+ni ( e ^( £ i 7r -(<P-l-<f"-s)) e -(°-+t+c + )2 

u(x,t) = -e~ li ' (1) 1 + ^— ±(isin(±(£i+£ 3 ))cosh(a_t+c_ 

V bi/t 



4— a; 



'c(z )e- 4 '" 



+ln +cos(i(<^i + ^ 3 )) sinh(a_t+c_ + | ln^^ ) +lnl 



where 



5 f |r(*2)||r(«i)| V /2 5 . / |r(52)|(l-r( 8l )r(5T)) y /2 . 

+ ' ^(l-r( Sl )r(sT))J ' ' ^ |r(si)| J ' 

and fa; / or r(a 2 ) = exp(i^)|r(s 2 )|, £1 G {±1}, r(aT) = exp(-^f )|r(sl)|, e 2 G {±1}, < 
r(s 2 )r(s2) < 1, andei=£ 2 , as t^ — 00 and x^— 00 such that z Q £ (0,2), 



u 



(x, i) = -e^ « 1 + - ^-L =± (i sin(i(£i +£3)) smh(5_ |t| -c_ 

//l_„2\ ~ \ 

+ (*^)Y (52) 



|ln(^)- ln5 -)- cos (K^+^))cosh(5_|t|-c_ + |ln(l^|)-ln5_)) 

111 
/3t 



and, for E\ = — e 2 , 



t (x, t) = _ e -^ W 1 + ^-L =± (i sin(i(^i + £3)) cosh(S_ |t| -c_ 

+| ln(g|) -ln5_) -cos(|(^+^3)) sinh(s_|t| -c_ + ± ln(|=|) -lnl_)) 

/ft 



+ h^l , (8S) 



where 



|r(- 2 )||r(3T)| 5 . Y KgjMlz^M^ y 72 , (54) 



\(l-r(s 2 M32))/ ' \ \ r ( s 2) 

Foru(x,t) as defined and given above, let Jl^duiCt)] 2 —!) d£ be defined by Eq. (6). Then: (i) 
forr(s 1 ) = eM- ! TMsi)\, £i€{±l}, r(^) =exp(^)|r(^)|, £ 2 G{±1}, 0<r(s 2 )H^) <1, 
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and E\=E2, as t^+oo and x^—oo such that z Q £ (—2, 0), 
f (|^e t )P-l)d^^(0)- Sgl ' (£ ' )e ^' + "' 3+ co sh ( a _ t+;; _ + l 1 n(S|)- 1 n 3 _) 

/;(|^e t )| 2 -l)d; = -^(0)- Sg " (ei)e ^' + "' 3+ co s h( S _ t+g _ + ^n(|^|)- 1 n 3 _) 
and, for E\ = —E2, 

f (|u({,i)| 2 -l)d^^(0) + Sg " (£l)e 5 ^' +5t ' 3+ sinh(s_t + g_+lln(|E|)-lnri-) 

/_"(!„({, t) i 2 - 1) « = ^-( 0)+ !efe!)^!!!r!lt -nh (i. t+ c. + i 1 a(^)-b.3.) 

ft) /or r(ap = exp(^)|r(5i)|, £l G {±1}, r(s 2 ) = exp(-^f )|r(s 2 )|, £2 G {±1}, < 
r(si)r(sl) < 1, and E\ =£2, as t^ — 00 and x^+co such that z G(— 2,0), 

f ( M {,i)|'-i)d{-^-(0) + gW^^ n »h(5.|«|-^ + |l n (a) + h,-L) 
J+oo Oyrl 2 



f (|^{J)P-l)d{ = -y^O) + 3gn(£ ' )e : ( ^''^ h+ co S h(S-| t |-c- + il,,(lg|) + l.n- 
./— 00 en/ i v \ 2/ 



W\t\ 

Ux\t\ \ 
/ft ' 



+ ^T'" , (60) 



and, /or £1 = — £2; 

/j|^ t )P-l)^^-(0)- 5 ^'»^^'^ Sm h( 5 _| t |- g _ + | 1 n(lzj) +1 n^) 



'+00 b^J\t\ 

r(i B tt, f )i»-i)dt=-^ ( o)- ^ ) ':^'^ dJ h(a-| t |-cL + ii.(£g) + i.x) 



4a|t|\ 

/3t ~ ' 
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(Hi) V_r(^) = exp(-i^)|r(a2)|, £1 G {±1}, r(*i) = exp(^)|r(ai)|, e 2 G {±1}, < 
r(si)r(sl) < 1, andei=e 2 , asi^+oo andx^+oo such that z Q £ (0,2), 

/* (M.ttf-i^-iO) ^^^ cosh(a- t+g .^l,(iz|) + l,3.) 

£ (|^t)| 2 -l)dg=-^ + (0)+ Sgn(£l)e ^ +<+C+)3+ co S ^ 

+ (^), ' ' (64) 

and, /or ei = —£2, 

^) 1 2 ~ 1) = ^ (0) + )^ +t+C+): '+ S inh(a_t + g_ + |ln(^)+ln!l-) 

'c{Zo)Z- Aat 



/_ X (K^)| 2 -l)d£ = -^(0) + ^^^ 

+ ,(^) ; ' 2 m 

and (iv) f or r(s 2 ) = exp(^)|r(a 2 )|, £1 G {±1}, r(*T) = exp(-i^)|r(sT)|, e 2 G {±1}, < 
r(s 2 )r(s2) < 1, andei=e 2 , ast^ — co and x^— 00 such that z Q £ (0,2), 

j^(|ti(g,t)| 2 -l)d^ = ^(0)- gg^^p^ cosh(s_|t|-c- + |ln(feg)-lnJ-) 

■4a|t| 



O ^>r H " ■ (67) 



/'^(ka,t)| 2 -l)d; = -^-(0)- S ^ (ei) r^!.''"' : "'' : ' + co B h(5-|t|-g_ + |ln(|=g|)-lii3_) 
and, /or £1 = — e 2 , 

/•(| B tt,t)|'-i)dt=^ ( o)- ^ ( '^'^ l '^ - J h(a-| t |-^ + i 1 o(^)- 1 oS-) 



'+00 &vl*l 

/•(Kt,oi'-i)d{=^-(o)- g<^^ .^(aL|i|-e. + ii n (^)-i n S.) 

./-oo 0-v/ \t\ K \ 2/ / 



bVW\ 

ia\t\ \ 
(3t ~ ~ " 



+ q £fe> r"' v po) 
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Theorem 3.3. For r(() G S C (R) n {/i(z); | \h{-)\ \ C o 0{R) := sup zeR |/i(z)| < 1}, let m(x,t;() 
be the solution of the Riemann-Hilbert problem formulated in Lemma 2.5. Let u(x,t), the 
solution of the Cauchy problem for the DjNLSE with finite- density initial data u(x, 0) := 

« (x)=^ ±00 u (±oo)(l+o(l)), whereu {±oo):=eM^-), 0<e = -/+~ ^Iri^f) dg < 
27T, it (x) G C°°(R), and u G (x) -u (±oo) G 5c (M±), oe defined by Eq. (5). 5e< si :=exp(^) 
and S2 :=exp(3fi). TTien: (%) /or r(si) =exp(-^)|r(si)|, £iG{±l}, r(aa) =exp(^)|r(^)| ; 
£2 G 0<r(s2)^(s2) < 1, and £1 =£2; as t^+oo and x^ — oo such that z o :=x/t^0~ , 

e f( £ i + |) e -(2t+c + ) b / ce - 4t ^ ' 



„(*, U^^p^l sinKc __ ln t.) +0 (S^)) , (71) 

and, /or £1 = —£2, 

„ (l , t) = e-^<«(l-55^^cosh(c_-l nb _) +0 (S^)) , (72) 

u>/iere 

. = J_ f° ln(l-|r( M )| 2 ) du 1 /-° ln(l-|r( M )| 2 ) d/i 
±- v^i-oo (V2/x-l) 2 + l vr + V2 7-oo (V2m+1) 2 + 1 ^ ' 

b ._( \r( Sl )\\r^)\ V /2 _/ |r( Sl )|(l-r( g2 )^)) \ 1/2 
+ ' ^(l-r( S2 )r(^))J ' ' ^ |r(5a)| J ' 

and Y> + (-) defined in Theorem 3.2, i?g. (35); (m,) /or r(sT) = exp( 1 ^)|r(si)|, £1 G {±1}, 
r(s 2 ) =ex P(—^§ !L )\ r ( s 2)\, £2 G < r(si)r(sl) < 1, and e\ = £2, as t^ —00 and +00 

snc/i t/iai z D — ► 0~ , 

u(x,t)=e-^ W 1-- ^-lnM + . , (75) 

and, /or £1 = —£2, 

u(x,i) = e-^ W( 1 + - ^-j= ^cosh(?_-lnr._)+of J , 



(76) 



where 



1 b(l-|r(/i)| 2 ) du 1 /-+ 00 ln(l-|r(^)| 2 ) d/x 

±- V^io (V2^-l) 2 + l vr ^ ^io ^ ■ 



(^2 / u-l) 2 + l t V^io (^2>+l) 2 + l vr 
|r(5T)||r( a2 )| * ^_/|r( S2 )|(l-r( Sl )KiT))V /2 



(78) 



\(l-r( Sl )r(sl)) J ' V |r( ^ T)l / ' 

andip~{-) is defined in Theorem 3.2, Eq. (46); (m,) for r(s2~) = exp(— i ^)|r(s2~)|, £iG{±l}, 
r(si) = exp( i ^ E )|r(si)|, £2 G {±1}, < r(si)r(s7j < 1, and £1 =£2, as and x — > +cx) 

swc/i that z o ^0 + , 

u(x,t) = -e^ + W( 1 + - ^= 0±sinh^_+lng_)+0(^J J , (79) 
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and, for £\ = — e 2 , 



u{x ,t) = -e-^ + V( 1-- ^= ?±co^_ + ln 5 _) +0 (^) , (80) 

u>/iere 

~ / |r(52)||r( fll )| V /2 , / |r(^)|(l-r( Sl )^)) y /2 . 

+ ' ^(l-r(si)r(sr))J ' ' V |r(ai)| J 

and (iv) f or r(s 2 ) = exp(i^)|r(s 2 )|, e x G {±1}, r(aT) = exp(-i^)|r(sl)| ; e 2 G {±1}, < 
^(s2)r(s2) < 1, andei=£ 2 , ast^ — oo and x^—oo such that z — > + , 

u(M) = -e-* 1-- ^ 5±sinh(c_+ln0_)+of J - (82) 

and, /or ei = — e 2 , 

.,_,,,/ e f (si+±) e -(2|t|-?+)£ / ce -4|t| \ \ 

„(x,t) = -e- 1 * Wf 1+- ±j= ^co sh ,_ +ln I_) + , V l ^ 

u>/iere 

\ 1/2 / \ 1/2 

l r ( g 2)||r(^i)| \ ~ / |r(si)|(l-r(s 2 )r(a 2 )) \ ... 

(i-rw^5)J ' 8 ( R^i J ' 

Foru(x,t) as defined and given above, let f+^du^, t)\ 2 — 1) d£ &e defined by Eq. (6). Then: (i) 

forr(s 1 )=exp(- i -^ L )\r(si)\, £l € {±1}, r(s^) =exp(i^E)|r(^)| ; £ 2 G{±1} ; 0<r( S2 )^j<l, 
and £1 =e 2 , as t^+oo and x^ — 00 such that z o ^0~~ , 

/^(l^,t)| 2 -l)d^^ + (0)- Sgn(£l)e 2 ^ +C+)b+ «»h(c--lnb-)+o(g^) , (85) 

| J|n(g,t)| 2 -l)de = -^-(0)- Sgn(£l)e 2 ^ +C+)b+ cosh(c--lnb_)+o(^) , (86) 

and, /or £1 = — e 2; 

£(|u(g,t)| a -l)d^+(0) + ^ (87) 

/j|n(g,t)| 2 -l)dg = -^-(0) + Sgn(£l)e 2 'j! t+C+)b+ sinh(c--lnb-)+o(g^); (88) 

ft) /or r(ap = exp(^)|r(5T)|, e l G {±1}, r(a 2 ) = exp(-^)|r(s 2 )|, £ 2 G {±1}, < 
r(si)r(sl) < 1, and ei =£2, as t^ — 00 and such that z o ^0~ , 

y^(|n(g,t)| 2 -l)dg = ^(0) + Sg ^ ^±cosh(?_-lnc)_)+of^J, (89) 

/jK^)| 2 -l)dg = -V> + (0 ^ ■ (90) 
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and, for e\ = —e 2 , 

/ (|n(g,t)| 2 -l)dg = ^(0)+ g 1 lj ' ^ ^sinh(c_-ln5_)+0 ^— , (91) 

J+oo l\ \t\ \ 1 



' +00 

Ju(C,t)\ 2 -l)^ = -^(0) + Sgn[£l)e ^±smh(c_-l n J)_)+0( ; (92) 



(Hi) jbr_r(<^) = eX p(-i^)|r(^)|, e x G {±1}, r(si) = exp(^)|r(*i)|, e 2 G {±1}, < 
r(si)r(si) < 1, and E\=£2, ast^+oo andx^+co such that z Q — > + , 



(93) 



£ (Ng,t)| 2 -i)dg=^-(o)+ sgn ^ , 

/ J|n(g,t)| 2 -l)dg = -^ + (0) + Sgn(£l)e 2 ~j! t+C+)g+ coBhCc-+ln$.) + o(^) , (94) 
and, /or E\ = —e 2 , 

/^(l^,O| 2 -l)^ = ^"(O) + Sgn(£l)e 2 ^ t+C+)0+ smh(7_+lng_) + 0(^) , (95) 

£^K£,t)| 2 -l)d£ = -^+(0) + ^^^ (96) 

and (iv) f or r(s 2 ) = exp(^)|r(s 2 )|, e x G {±1}, r(s7) = exp(-^)|r(sl)|, e 2 G {±1}, < 
r(s2)r(s2) < 1, and e\=e 2 , ast— > — 00 and —00 such that z o ^0 + , 

/ (|n(g,t)| 2 -l)dg = ^ + (0)- g 1 lJ ' 5±cosh(c-+ln?_)+0 ^— , (97) 

J+oo 2\/\t\ \ t / 



and, for e\ = —e 2 , 

/ (|n(g,t)| 2 -l)dg = ^ + (0)+ g 1 lJ ' 5±smh(?_+lng_) + ^— , (99) 

J+oo 2y|r| V / 

/ (|n(g,t)| 2 -l)dg = -^-(0)+ g 1 5±sinh(?_+lng_) + ^— . (100) 

J— 00 2a/ t V £ / 



Remark 3.4. In this work, the complete details of the analysis are presented for the case 
t — ► +00 and x — > —00 such that z Q := x/t < —2, and the case t — ► —00 and x — > +00 such 
that z Q < — 2 is succinctly treated in Section 7: the remaining cases are analogous (see the 
Appendix). The DZ method has recently been extended to tackle asymptotic problems arising 



in the theory of random permutations 41], orthogonal polynomials and random matrix theory 



|34l , |42j ] , and perturbation theory for integrable NLEEs ][4j|] (see, also, the recent extension 



by Kamvissis et al. 44]) 



4 The Auxiliary and Truncated RHPs 

In this section, as t — > +00 and x — > —00 such that z Q := x/t < —2, the RHP formulated in 
Lemma 2.6 for m c (x, t; Q on o~ c (oriented from —00 to +00) is reformulated as an auxiliary 
RHP on the augmented contour Tl (see Figure 3), which is then dissected to produce an 
equivalent RHP on the truncated contour (see Figure 4). 
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Remark 4.1. For notational convenience, except where absolutely necessary and/or where 
confusion may arise, explicit x, t dependences are suppressed. 



As per the DZ method [27], one begins by decomposing the complex plane of the spectral 
parameter Q according to the signature of ?R.(it9 u (Q) (see Figure 1), where, from Eq. (8), 
6» M (C) = i(C-J)(2 +C+J), with {Ci}f=i defined in Theorem 3.1, Eqs. (16) and (17), 0<C2<&, 
|^3| 2 = 1, and ±^K(it0"(C)) ^0. One now reorients a c (oriented from — oo to +oo) according 
to, and consistent with, the signature of 3f?(ii6> u (C)), leading to the reoriented contour a' c (see 
Figure 2). Denoting m c (() on a' c by m c (£), one shows that m c (£): C \ <t^^SL(2,C) solves 
the following (normalised at oo) RHP: (1) m c (£) is piecewise holomorphic VC G C \ a' c ; (2) 

mj_(C):=lim c'^c fn c ((') satisfy the jump condition ra+(C) = fh c _ (C)G C (C)> C^^i where 

C' £ ± side of (t' c 



( I_ r ( C)e 2i^(C) CT _ )( i +r(C)e -2i^(C) fT+)i C€(0 , C2 )u(Ci,+oo), 



_ ( I_ r ( C)e -2i^(C) CJ+)(I+r(c)e 2i^(C) fT _ )i Cg( _ OO)0 )u(C2,Ci); 

(3) as C^oo, (£C\a' c , m c (() = I+0((~ 1 ); and (4) m c (£) satisfies the symmetry reduction 

m c (C) = o"im c (C) o"i and the condition (m c (0)o"2) 2 =1. One notes from the definition of G c (() 
that, as t^+oo and x^-oo such that z Q <-2, for CgC t n {(; K(0G (0, C2) U (Ci,+oo)} n 
(U*£{o,C2,Ci}{£' 1^ ~~ *l ^ wnere e ^ s an arbitrarily fixed, sufficiently small positive real 
number, since exp(=F2ii6> M (C)) have analytic continuation to C^iO) I exp(=F2ii6> u (C))| — >0, but, 
for CGC± n {C; »(C)€(-oo,0) U (C 2 ,Ci)} n (U, e{0 , ?2 , Cl} {C; |C-*I >*}), since exp(±2it0 u (O) 
have analytic continuation to C±iO, | exp(±2ii# u (C))| — > 00. In order to control the latter 
exponential growths, the triangular factorisation of G C {Q for K(C) G (— 00, 0) U (£2, Ci) must 
be changed from (ox)(yl) t° (vi)(oi)> ^ na * * s ' upper-lower triangular to lower-upper 
triangular refactorisation: to accomplish this, one introduces the "<5(-)-function" [27[|. 
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Figure 1: Signature graph of K(it0 u (C)) as 
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Figure 2: Reoriented contour a' c 
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Proposition 4.1. Let 5(C) solve the following scalar discontinuous RHP: 

5 (O= /*-(0(l-KCM?)), K(C)e(-oo,0)u(C 2 ,Ci), 
+ [ \5-(0 = 8(C), R(C)€(0,C2)U(Ci,+oo), 
5(C) = i + o(c l ). 

The unique solution of this RHP can be written as 

m= (c^) exp lL (M-o ^+4 Hiq3&5iV(S=o2s]' 

where {Ci\f = i are defined in Theorem 3.1, -Egs. (16) and (17), and := ^(Ci) = — ^ m (l — 
|r((i)| 2 ) G K+. Furthermore, the function 5(C) possesses the following properties, 5(C)5(C) = 
1, 5(C)5(l) = 5(0), \5 + (C)\ 2 < 1 and |<5_(C)| 2 < U " su P,eK l^)l 2 ) -1 < » V( £ I, and 
H^O^IUoo^-sup^c 1(5(0)^1 <oo. 

Proof. Noting that the index, k, associated with the RHP for 5(C) stated in the Proposition 

is zero, namely, K : = ^ [arg(l — |r(£)| 2 )] _°° =0, it follows from a well-known result (see, 

also, Theorem A2 in (2^]) that it can be solved explicitly (and uniquely) to yield 5(C) = 

exp^ X° oc ,+ J^^j ^qJI^ ^ ■ choosing the principal branch of ln(-) as per item (9) of 

Notational Conventions, one arrives at the expression for 5(C) stated in the Proposition. 
Using the fact that r(C) £S^(M), one shows from the representation of 5(C) that 5(C) =£-»oc 1+ 

0(C~ l ); moreover, one deduces that 5(C) satisfies the symmetry reduction 5(C)5(C) = 1. Using 
the fact that, for C G K 5 r (^) = ~ r (C) = — r (C)> h follows by a change-of-variable argument 
that 5(C)5(l) = 5(0), where 5(0) = exp(( jj) Mi^O^l 4sQ . Letting C ^C±iO, one 
notes from the above symmetry reduction for 5(C) that 5±<5q:(C) = 1; hence, using the relation 
5+(C) = 5-(C)(l-r(C)~r~(£)), one deduces that |<5_(C)| 2 ^ (l-sup zeM Ir(z)] 2 )- 1 <coV(el, 
from which one also shows that |5_|_(£)| 2 ^ 1. Setting £:=£+in, with n^O, one shows from the 

representation for 5(C) that \5(C)\ =exp^ J° 00 + J^) ^(^flgja+^a ' ) > and, using the fact that 
r(C)G^(l), one shows that |J(C)| ^exp( ,?sup ^ a|1 ^ 1 ~ |r(2)|2)l /+£ : now, recalling 

that J x x^ p i = ^ arctan(x/p), and choosing the principal branch of arctan(-), one shows that, 
3M € and bounded such that VC G C \ R, |o~(£)| ^ M (a similar argument shows that 
l(^(C)) _1 | ^(-^0 _1 )> hence, with the estimates for |<5-|-(0| 2 , the maximum modulus principle, 
and the fact that {zGC; <5(z) = O} = 0, one shows that ^^(O) 1 * 11 !!/; 00 ^) <°o- D 
Making use of Proposition 4.1, one changes the triangular factorisation of G C (C), with 
exponential decay of elements like exp(±2ii#"(£)) in their respective domains of analyticity. 

Lemma 4.1. Define fh c (C) :=rh c (C)(5(C))~ a3 , where 5(C) is given in Proposition 4.1. Then 
rh°(C) ■ C \ o"c^SL(2, C) solves the following RHP: (1) fh c (C) is piecewise holomorphic V^E 
C \ a' c ; (2) m±(C) :=lim c /^ c m c (C') satisfy the jump condition m+(C) = fh c _(C)Q c (C), 

C' G ± side of cr' c 

CgM, where 




(I-p(0(5(C))- 2 e 2iieu ^ C r-)(I+p(C)(<5(C)) 2 e- 2iteil ^a + ), (G (0, C2) U (Ci, +00), 
(I-p(C)(^(C))- 2 e 2i ^ K) ( 7-)(I+p(C)(5 + (C)) 2 e- 2iieu ^ f 7 + ), C€(-oo,0)U(C 2 ,Cl), 



with 



P(C): 



r (C), Ce(o,C 2 )u(Ci,+oo), 

- r (C)(l-r(C)r(C))- 1 , Cg (-00, 0) U (C2, Ci); 
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(3) as £— >oo, (£C\a' c , m c (£) =I+C>(C ); and (4) m c (£) satisfies the symmetry reduction 
m c (C)=aim c (C)a 1 and the condition (m c (0)(5(0)) a3 a 2 ) 2 = 1. 

Proof. Follows from the RHP for fh c (C) stated at the beginning of Section 4, the definition 
^ C (C) := ^- c (C)(^(C)) _cr3 ) with 5(C) given in Proposition 4.1, and the identity a\a\=l. □ 

The first main objective of this section is to reformulate the RHP for m c (C) as an auxiliary 
(equivalent) RHP on the augmented (and oriented) contour £' (see Figure 3). 

Remark 4.2. The augmented contour X' can be chosen with some degree of flexibility, not 
necessarily consisting of straight line segments: its crucial characteristic is the position of the 
rays relative to the lines 5i(ii# n (C)) = 0. 

Since the jump matrices of the RHP on S' must be written in terms of the jump matrices 
of the RHP for m c (£) on o~' c , and since, in general, the reflection coefficient, r(£), does not 
have an analytic continuation to C \R, one must, as per the DZ method ^7|, decompose, or 
split, r(£) into an analytically continuable part and a negligible non-analytic "remainder". 




Figure 3: Augmented contour £' 

Lemma 4.2. Set S':=LULUR, where L = {(; ( = Ci + ^(Ci ~ C 2 )e^\ -oo < v < 1} U 
{C;C = C2 + ^(Ci-C 2 )eT,t;E [0,l]}u{C;C = C2 + ^C 2 e-^,^G [0,1]} UL> UL <; with 
L>:={C; C=73C 2 e-^, ve(0,l]}, andL<:={C; C = «e^», £ 3 :=arg(Cs) 6 (f , vr), veR+}. Set 

L e :={C; C = Ci + ^(Ci-C 2 )e^,t;e(e,i]}u{C; C = C 2 + ^(Ci-C 2 )e^,^G(e,i]}u{C; C = 

37ri 

C2+^jC 2 e_ ~) u6(e, 1]}UL>. LetlGZ^i be arbitrary, and choose A; = 4g+1, with qGZ^i and 

arbitrarily fixed, so large that 3g ^ 2 — ^ > | > I. For each ZgZ^i, i/iere exists a decomposition 
of the function (cf. Lemma 4.1) p(C), 

p(() = hi(() + (h n (()+K(C)), CGR, 

si/c/i that /i/(C) analytic on R (generally, it has no analytic continuation to C\M), hn{Cj 
has an analytic continuation to L, and with TZ(C) = V (<0, is a piecewise-rational 

function with the property that (aj0MC)l<e{o,C2,Ci} = (^)^(Olce{o,c 2 ,Ci}' ■? G {0, 1, . . . ,k}. 
Then, ast— >+cc such that 0<( 2 < <M <(\ and\Q^\ 2 = l, with M Gl>i and bounded, the 
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following estimates are valid: 

I - 2 ittP(CU (n \ < |c(Ci,C2,C 3 ,^)l CgR 

1 ni ^ )l ^ ICi+C2| 3 (ICI 2 +i)t i ' ^ ' 

-2^(0(^0)1 ^ Jjl^pgi, ; C e(co SV ?3,o)u(o,K 2 ), 



K^MO! < '^ffifV ^S C£L> UL<, 

r aw(0(fi«p) ^ M^^ e-TzV, Ce ( L> u L<)\{C; C=«e^», «€R>i}, 



(icr+i) 



w/iere 7^ := min{±(a 2 - z„) \J^-a\, ||z |Ci(2 - Cf), (||^o| - cos^ 3 ) siny2 3 } (g R+), 7^ := 
min{±| sin2£ 3 |, ±MCi(2-Cf)} ^1+), 7^ :=min{|C 2 |z +C 2 | (1-2C?) 2 , ^(Ci-C2)ko+Ci+C 2 | (1- 
Ci) 2 ,|(Cl-C2)k +Cl+C2|(l-^f I ) 2 } (€R+), and 7^ : = min{|z |Ci(2-C 2 2 ),(|zo|-2cos^3)sin^ 3 } 
(GK+), wif/i z a :=x/t, and {Ci}f=i anc ^ a 2 defined in Theorem 3.1, -Bos. (16) and (17). Fur- 
thermore, taking conjugates, p(Q = hj(Q + (hjj(Q+TZ(C)), gives rise to similar estimates 
for e^^g), *j(C) G {MO, MO/0, e^W^), * W (C) G {MO,MO/C}, mk* 
e 2i * e "(0* m (^) > *ui(0 G {72(0,72(0/0, onLUR; moreover, hi(() (respectively MO) G 
n pe {i,2,oopC P W (respectively 6n p g{i )2iIX) )C , '(l)), andh u (() (respectively h n (()) en pe { li2i0O } 
/7(L) (respectively G n pe {i j 2 )0 o}^ p (L))- 

Proof. Many of the technical details and arguments associated with the full proof of this 
Lemma are identical; hence, only two representative calculations are presented, and the re- 
maining estimations follow in an analogous manner. Let 3 MgM>i and bounded such that, as 
t — > +00, 0<C2<7g<-^<Ci an d IC3I 2 = 1- One begins by considering the non-empty domain 
{z; ^s(z) = 0} H {z; ^St(z) G (f (Ci + C2), Ci)}- Let k G Z^i be fixed and sufficiently large with 
representation pTj] k = Aq+l, ggZ>i. Recalling that, from Lemma 4.1, for 3i(0 G (C2,Ci), 



jo(0 = — r (0 (1 — r (0 r (0) , one m ust estimate, as can be seen from the explicit expres- 
sion for the jump matrix G C {Q given in Lemma 4.1, terms of the type p(0(<5+(0) 2 'e~ 2ltei '(^ 

(respectively p(0 (<5_(O) _2 e 2lt0u ^): in fact, the former will be considered in detail, with an- 
alytic continuation to the bounded domain Q4 (see Figure 3) where ^(\t9 u {C)) > 0, whilst 
the latter can be estimated (via a Schwarz symmetry principle argument) analogously with 
analytic continuation to the bounded domain fig (see Figure 3) where "Si(it6 u (0) <0. With 
the above-given choice of k, and thus q, consider the Taylor expansion with integral remain- 

der term for p({), p(0 = £* =0 ^ n) (Ci)(C-Ci) n + H P (fc+1) d£, where p^(d):= 

— (g^)™(r(0 (1— r (C) r (C))~ 1 ) lc=Ci j ti G {0, 1, . . . , G Z^i: note that, if one considers explic- 
itly, say, the limiting case Ci -^+00 (C2 ^0 + ), then, as functions of £1, the Taylor coefficients, 
P^(Cl), n G {0, 1, . . . , k}, k G Z^i, are in the C-valued Schwartz class (since r(() G «Sc(K)). 
Let 72.(0 denote the "polynomial part" of this expansion, and h(Q the "remainder", namely, 

^(0:=ELo^P (n HCi)(C-Cl) n and ^(O^^^P^^OCC-O"^; hence, p(() =72(0+MO- 
One notes that, with the above-given choice, p(()— 72(C) = M0 can be interpreted as the error 
incurred in approximating p(0 by a polynomial of degree k. Noting that, V j G {0, 1, . . . , k}, 
k€Z >x , (^) J p(0lc=Cx = (^)^(0k=Cx> ^ Allows that (£)''/i(C)k=Cx = 0, j G {0, 1, . . . 

G Zj>i; hence, as per the DZ method [27], one uses this latter property to split, fur- 
ther, A(0 as h(Q ■= hi(() + hn((), which, when combined with 72(0; shows that p(Q = 
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hi(0+(h n (0+K(0), where MO is defined for (G {z; %(z)=0}n{z; $t(z) G (\ (C1+C2), Ci)}. 
where 5ft(ii# u (C)) = 0, and has negiigibly "small norm" (see below) as t — > +00, hu(C) has 
analytic continuation to C+ n {z; 9£(z) G (|(Ci+C2), Ci)} n ^4, where 5ft(r£6»"(C)) > 0, and 11(C) 
has trivial analytic continuation to C + PI {z; ^t(z) G (Ci +C2) , Ci)} H ^4. One notes from the 
expression for 9 U (C) that u (Ci) <# M (^(Ci+C2)) <0; hence, considering the auxiliary function 
(which will be needed below) «(C) := C~ 3 (C-Ci) 9 (C-C 2 ) (C-Cs) (C~ G) , q€Z >x , set (%)(9 U ):= 

J a (((8 u )) , (ziCi C2))) consider the Fourier transform with respect 

\o, e u em\(e u (Ci),e u (±(Ci+C2))), 

to (w.r.t.) 9 U (C)- Before proceeding any further, and for future reference, one notes that = 
(C-6)(C-6)(C^)fcl ^ ^ +1) (Ci+(C-Ci)r)(l-r) fc dr, and, for < C2 < ^ < M< Ci and|C 3 | 3 = l, 
since r(C) G 5 C (K), I k(-)| Ir-(M) < 1, and su P(r,k)e[o,i]x^ 1 |p {fc+1) (Ci + (C -&>»") I < 00, with 
9 u 19 u (l(h+C2)) and 9 u [9 u {Q l ), J§ = c _ fl 0((C-Ci) 3g+2 ): also, one deduces thatj^ = c ^ Cl 
©((C-^i)- 1 )- Define the Fourier transform pair (w.r.t. 9 U (Q): (^)(C) :=/+^ e is0 "^)(s)^=, 
i(Ci + C 2 ) < »(C) < Ci, and (§)(*) := - J* 1+Cl) e -"»"(0(A)( C )^l , s€l. In order to ob- 
tain the necessary estimate for (/jj(£) + (/i/j(C)+7£(C)))(<5 + (C)) 2 e _2l ' e '" 5 one needs to show 
that (£)(0 U ) := ^fpjy G W (R) , < j < [^], 9 € Z^i, where denotes the L 2 - 

r 3q + 2 1 

Sobolev space with norm ||*(-)||«(R) : = (X^=o IKd^V *(0 u )llic 2 (R)) ■ In this particular 
case, one must show that, for < C2 < 757 < ^ < (1 and |£ 3 | 3 = 1, with G (^((1 + C2), Ci)> 
I« : = /- " Kd^) j 3iil 2 ^ < 00, < j < q G Z >i: in fact, since = V U G 

R\(9 u (Ci), 9 u (l(Ci+C 2 ))), the latter integral reduces to Iw = /^f 1+6)) l(d^) j £§P§| 2 d# u , 
which, via the chain rule and a change-of-variable argument, is shown to be equal to hi = 



Ji(Ci+C 2 ) T^SSjJ (-a^H^- iNow ' recalim S tnat ^ - (c-C 2 )(C-C3)(C-S)ife! J o p (Cl + 
(C-Ci)r)(l-r) fc dr and (from Section 3) ^ = C" 3 (C ~ Ci)(C - C 2 )(C ~ Cs)(C ~ C^), one 



shows that, for ^ j < q G Z >u hi < K (Ci)c«2, Cs, Cs)|, 0<C 2 <i ? <M<Ci 

r 3q + 2 i 

and |C 3 | 2 = 1, that is, \\(^)(-)\\n(R) = (T,\j Wi^V (^ U )\\ 2 C 2 {R) ) 1/2 < 00; hence, by Par- 
seval's Theorem, for M G R>i and bounded such that 0<(2<jj<M<Ci and |£ 3 | 2 = 1, 
/_ + ^(l +s 2y|(A)( s )|2 ds ^ |c5( Cl )c(C 2 , Cs, Cs)|, [^], ?G^i. Recalling from the Fourier 

transform pair that, for I (Ci + C2) < K(C) < Ci, (£)(C) = e ise "«) (£)(*)-#., it follows, by 



defining MO := «(C)/ t + °° if 8 "® and MO := ^OlL^ ^)^, that 

fc(C) = MC)+M0- For CG{z; 9(z) = 0}n{z; &(z) G (|(Ci +C2), Ci)}, recalling the bounds 
for (5+(C) given in Proposition 4.1, and using the Cauchy-Schwarz inequality for integrals, 

one shows that KMO^^^MOI = \(6 + (C)) 2 e^(O a{0 J^ e^(0(|)( a ) * | <; (1 _ 



sup, eR |r(z)| 2 )^(/+~(l + S 2 )^^^ that/ t +0O (l + 

s 2 )-i ds T^riT i 2j-l>0, and recalling the Parseval estimate / t + °°(l+s 2 y|(£)(s)| 2 ds < 
;+~(l + a 2 )J|(|)( S )| 2 d a < |c 5 (Ci)c(C 2 ,C3,a)|, j < [ 3 -^], itjollows that, with a(C) = 

r 3 (c-Ci) 9 (c-c 2 )(c-c 3 )(c-^), |e- 2i ^>M0l < '^g^' , i < j < ffi, 

KC1 + C2) < »(C) < Ci, and < C2 < jg < M < Ci and |C 3 | 2 = 1. Since, for ( £ C + fl 
{z; 5R(z)G (^(Ci+C2) 5 Ci)} n 3 f ?(i^ M (C))>0) hu(C) has an analytic continuation to the line 

37ri 

(parametrised by v) ( = ((v) = Ci + ^(Ci — C2)e~, f G [0,1]; hence, on this line, and using 



Asymptotics of the Defocusing NLSE 



35 



the Cauchy-Schwarz inequality for integrals, it follows that := \(5-^(C)) 2 e 2lt9U ^hjj(Q\ = 
| (5+(C)) 2 e -2i^(c) a(c)/ t^(C)(5( s) _^| ^ (i _ suPzeR \r(z)\ 2 )^ e" W^j^U + 

S 2)-M S ) 1 /2(^ oo (l + s 2 )J | ( ^ )(s) |2 ds) l/2_ Noting that Jt_^ 1 + s 2y jds ^j+^^ s 2yj ds ^ 

+ s 2 ) 1 ds = 7r, and, from the above Parseval estimate /^^(l + s 2 )- ? |(^)('S)| 2 ds ^ 
/+~(l + a 2 ) J l(I)(*)| 2 da ^ 1^(0)0^2^3,^)1, ^ j ^ f^ 2 ], g G Z^i, it follows from the 
definition of a(C) that I ftjJ < ' i^f^-'^-f e- fjR ( ie "^)) , q G Z^, u G [0, 1]. Recalling that 
U (C) = i(C-J)(^o + C+J), for C = C(") = Ci + ^(Ci-C 2 )e^, v G [0,1], one shows that 

^(c-l)(zo+c^))=HCi-(2)(Ci-h(Ci-c^^^ 

a(v) {(i-^((i-(2)v) 2 +(^((i-(2)v) 2 , one deduces that, for ve [0, 1], a(l) <a(v) ^a(O); hence, 

noting that ( <i 2 -ft(ft-6)"+fo-C 2 )W , ( CMi(Ci-C 2 >+§(Ci-C 2 )V-i ^ f , dd 
noting mat ( ^z^Z^zr^rz^ ) ? ( c2 _ fl(Cl _ C2) „ + i (fl _ C2)2 „ 2 h v <^l u i ij, one deduces 

thatQ((C-±)(^+C+J))^Ci-C2)(Ci4(Ci^ 

Noting that, for vG [0, 1], l-(a(l)) -1 ^ l-^)) -1 ^ l-(a(0)) -1 , l-(a(l)) -1 > (l-^l))- 1 ) 2 , 
and 2-Ov, it follows that 3f((C- J)(z + C + J)) ^ £(& " C 2 )(^ + Ci + C 2 )(1 - (a(l))" 1 ) V; 
hence, since (Ci — C2) > and (X + C1 + C2) < 0, it follows that i^9((C - \){z + ( + £)) ^ 
|(CK2)ko-Ki^2|(l-(S(l))- 1 ) 2 i; 2 , whence -^(i^(C)) ^ -^(CK 2 )k -Ki^2|(l-(3(l))- 1 ) 2 ^, 
vG [0,1]. With this inequality, one deduces that, for C = C( U ) = Ci + "^(Ci — C2)e~, v G [0,1], 
| c -2i^(e) MC) | <; , G Z>1> < C2 < ^ < M < Ci and |C 3 | 2 = 1. Let e be an 

arbitrarily fixed, sufficiently small positive real number such that {(; |(— Cil <e} n {(; C = Ci+ 
^(Ci-C 2 )e^, v€(e, 1]} = 0, and recall that K(Q :=En=o ^P (n) (Ci)(C-Ci) n , keZ^. On the 
line segment C = C(") =Ci+^(Ci-C2)e^ , e<v^l, one shows that | (5+(C)) 2 e~ 2i ' e " (C) ^(C)l < 
(l-sup zeR |r(z)| 2 )e- 2 *( ie "K)) bu P(Ci>b)6(m>+oo)x{0>1> ... >fc} |p W (Ci)l Eto K3 2 ^? 1 : now, recall- 
ing the above inequality for — t^t(i9 u (()), and using the formula En=o* n = » one 

shows that, on this line segment, |e _2l * e "^72.(C)| ^ |c(Ci, C2, C3, C3) I exp(-^fc 2 ((i - (2)^0 + 

Cl+C2|(, C 4 + 1 ) )■ 

Without loss of generality, and as the second representative calculation, one considers, 
say, the non-empty domain {z; Q(z) = 0} n {z; $l(z) ^ Ci}- Once again, let k G Z^i be fixed 
and sufficiently large with representation k = 4q+l, gGZ^i. Recalling that, from Lemma 4.1, 

for G (Ci, +00), /?(£) =r(C), one must estimate terms of the type p(C)(S(Q) 2 e~ 2lt0u ^ (re- 
spectively r(()(5(())~ 2 e 2lteu ^): in fact, the former will be considered in detail, with analytic 
continuation to the unbounded sector O3 (see Figure 3) where $t(it9 u (0) > 0, whilst the latter 
can be estimated analogously with analytic continuation to the unbounded sector (see Fig- 
ure 3) where 3ft(it#"(£)) <0. For 9ft(C) ^Ci, consider the following (rational) Taylor expansion 

with integral remainder term for p((), (£- i) k+5 p(() = J2n=o ^i^ (n) (Ci)(C- Ci)™+ h/^i ^' ~~ 
i) fc+5 p(-)) (fe+1) (0(C-O fe dC, where /»(Ci) := (£)"((C - i) fe+5 p(C))k=Ci> « e {0, L • • • ,k}, 
fceZ^i: also, if one explicitly considers, say, the limiting case when £1^+00 (C2^0 + ), then, 
as functions of £1, p^ n \Ci), nG{0, 1, . . . , k}, fcGZ^i, are in the C-valued Schwartz class (since 
r(£) GiSc(M)). Let TZ(() denote the "rational part" of this expansion, and /i(£) the "remain- 

der", namely, K{() := "' ( £_ i)fc+ 5 and /i(C) := ^ fc!(c _ i)fc+5 ; hence, 

p(C) =TZ(C)+h(C), and p(C)—TZ(() = h(() can be interpreted as the error incurred in approx- 
imating p(Q by a rational function of finite degree. Noting that, V j G {0, 1, . . . , k}, k G Z^i, 
(^)MC)k= fl = (^WC)k= fl , ^ follows that (£)^(C)| c=Cl =0, JG{0,1,... fc G Z^; 
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thence, one splits, further, h(Q as h(Q :=hi(C)+hu((), whence p(() = h[(()+(hji(()+TZ(()), 
where h^Q is defined for C G {z; %(z) = 0} n {z; K(z) ^ Ci}, where 9?(M0 U (C)) = 0, and has 
negligibly "small norm" (see below) as t^+oo, and hu(C) has an analytic continuation to 
{z; $l(z) ^ Ci} H SI3 , where 3fi(ii# n (0) > 0, and 72.(0 is a rational function of finite degree with 
trivial analytic continuation to {z; 3l(z) ^£i}^^3- Considering the auxiliary function (which 

r hc(o u )) e u >e u (c) 

will be needed below) /3(C) := , geZ^i, define ( J)(0«) := <j f^ 71 ' A and 



\o, #"<# u (Ci), 



consider the Fourier transform w.r.t. #"(•). Via a change of variable argument, one shows that 

KO = (C " C (n^ C ' Cl) ' Where Cl ) := M/o((- i ) fc+5 P(-)) (fe+1) (Ci+(C-Ci)r)(l-r) fc dr: since 
p(C) G <Sc(M) and 3 M G M>i and bounded such that 0<C2<if<M<Ci and | Cs 1 2 = 1, one 

shows that, V(C,Ci)G [Ci, +00) X {M, +00), 3xGK + and bounded such that \g^°\C,Ci)\ 
Uo,k) S Zj>o x Z^i. With the above choice of /?(0 (not the only one possible!), one shows 

that J§ = (C ~^!ff + f' Cl) , with |§ = f ^ +00 0(C~ 2 ); hencej /+°° dz| < 00. Define the 
Fourier transform pair (w.r.t. 9 U (-)): (|)(s) := /+~ e is9U( -^( %)(s)^=, C > Ci, and (|)(s) := 
/ (? t^ l) e- ise "K)(J)(C)^^. In order to obtain the necessary estimates for {h I (() + {h II {() + 
^(C)))WC)) 2 e- 2i *^, one needs to show that := G < j < [^}, 

r3£+2, 

gGZ^i, where 7f(M) denotes the L -Sobolev space with norm ||*(-)|Ih(R) := (Ylj=o IKdf" ) 5 * 
(^)|| 2 , 2( . R - ) ) 1 / 2 . In this particular case, one must show that, for < C2 < < M < Ci and 

|C 3 | 2 = 1, with C > Ci, I« := J-T Kd^JRl 2 d ^ < 00. < j < [^f 2 ], g G Z^: in fact, 
since ^§S$ = V # M <#"(Ci), the latter integral reduces toT w = /+^ l) \(^) j jfff$\ 2 d6 u , 
which, via the chain rule and a change-of-variable argument, is shown to be equal to In = 

V dC^ 13(C) 



{ MM 2 ( ^) d ^ Now ' recallin g that m = S^SSS/o 1 ((— o^pC-))^^ (Ci+(c- 



Ci)r)(l-r) fc dr and (from Section 3) = C~ 3 (C~Ci) (C-C2) (C-Cs) (C-Cs) , one shows that, 

upon deducing (J)(%) = afl 0((C^^ 

0<C 2 <^<M<Ci and |C 3 | 2 = 1, that is, ||($)(-)|| W( r) = (E^lf 1 ll(a^'(£)(ni&( R )) 1/2 < 
00; hence, by Parseval's Theorem, for < C2 < < M < £i and IC3I 2 = 1, + 
s 2 y|(|)( S )| 2 ds < |c s (Ci)c(C2,C3,C^)|, < j < [^^9 G Z^i. Recalling from the Fourier 
transform pair that, for C^Ci, (%)(Q = J-£ ^"^(^(s)^, it follows, by defining hi(Q := 
^ (c)/ +oo e i^(C)^j (s) _^ and hn{0 ^(flj^ e^(0(|)( S )^, that ^(0 = ^(0+^/(0. 
For £ G {z; 9(2;) = 0} n {z; 3ft(z) ^ d}, recalling the estimate for S(Q given in Proposi- 
tion 4.1, using the Cauchy-Schwarz inequality for integrals, as well as the inequality | | ^ 1, 

OCi, one shows that IWOJV^Wfc^OI = IWC)) 2 ^^)/^ e is ^(^)^feK 
^^^^^-^^(/^(^^-^^^(^(l + ^PK^^pd,) 1 /^ noting that/ t +0 °(l + 

s 2 )-^' ds ' 2j _1 > °' and recallin § the Parseval estimate J t +oc (l + s 2 y |(J)(s)| 2 ds ^ 

/+~(l + s 2 ) J '|(|)(«)l 2 ds< |c 5 (Ci)c(C 2 ,C3,a)|, 0^J < [^], it follows that, with the choice 
/?(0 = 9 e Z^, |e-^(0fc 7 (C)| < 1 < J < 3 € Z^, C ^ Ci, 

< C2 < < M < Ci and |Cs| 2 = 1. Since, for C G {z; ^ Ci} n n 3 , »(it^ u (0) > 

0, hn(Q has an analytic continuation to the ray (parametrised by v) £ = C( w ) = Ci + 
75(Ci-C2)e"^, «6% ; hence, on this ray, it follows that l hlI ■=\(5{Q) 2 e~ 2lteu ^h II (Q\ = 
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thus, from the Cauchy-Schwarz inequality for integrals, ^ 1 1 (S(-)) 2 1 \c°°(c) e~ tjR ^ e "^^ 



2tt 

' (/-oo( 1 + s2 )^ ds ) 1/2 (/-oo( 1 + s2 ) j l(7})( s )| 2ds ) 1/2 - Recalling from the previous calculation 
that jl 00 (l + s 2 ) -J ds ^ 7r, and deducing, from the above Parseval estimate, that J** (1 + 

^ 2 yi^(«)l 2 ^^/^(i+ s 2 y|(^( s )| 2 d s ^|c^(Ci)c(C 2 ,_C3,C^)l, o^j^[^^], it fol- 

lows from the definition of /3(C) that l hlI \^M^^l=<^ e -me u {0) ^ q eZ >u v^0. 
Recalling that 9 U (() = |(C- ±)(z +C+J), for C = C(«) =Ci+75(Ci-C2)e"^ , «G% , one shows 

that mo u (0) = H(t - 6)(Ci + Kci - c 2 »( ^^g|g^^ ) 2 + ^(Ci - c 2 )(Ci + 

5(Cl-C2»( c?+Cl(Cl _ C2) „ + i (Cl _ C2)2 „ 2 ) +4«(Ci-C2)*o( f?+Cl(fl _ C2 ) ::+ i (Cl _ C2)2 „ 2 )• Setting 
a(u) := (Ci + ^(Ci — C2)^) 2 + (^(Ci — C2 ) ) 2 , one shows that, for v^O, a(v)^a(0); hence, with 

( C IZ { 1~ ) > ( < 2i z ( i~ c ? ) - one shows that »(^co)> 

v C 2 +Ci(Ci-C2)^+^(Ci-C 2 ) 2 f 2 ; v Cr+Ci(Ci-C2)»'+5(Ci-C2) 2 « 2 ; ' v vw/ 

^„<t -t \(rA±.(t-r a.^ ^i 2 +Ci(Ci-C2>+|(Ci-C2) 2 ^ 2 -i a2 ^^ /- \„ r C?+Ci (Ci -Ca>+ \ (Ci -C 2 ) 2 *> 2 

5«(CK2)(Ci42(CK2)w)( Ci2+Cl(fl _ C2) „ + i (Cl _ C2)2 „ 2 ) -hj(CK2> ( Ci 2 +Cl(Cl _ ?2) , + i (?1 _ C2)2 , ;2 )■ 

Noting that (1-(H(0)) -1 ) < (\-(a{v)Y l ) 1, (1-Cf 2 ) > (1-Cf 2 ) 2 , and v^O, one estab- 

lishes that M(i9 n (0) ^ ^(Ci-C2)(l-Cr 2 ) 2 (-2o+(Ci-C2)w). From the identities (valid for v^O) 
1 ^ (^ + 1) X ] 1 ^ w(w + l) _1 , and —1 ^ ^ 1, and choosing an arbitrarily fixed, sufficiently 
small positive real number 7 such that -y < (v+l)' 1 ^ 1, v ^ 0, one deduces that 5R(i6* u (C)) ^ 
|7o« 2 (Ci-C2)(l-Cr 2 ) 2 ko+Ci-C2|; hence, -t_^(i^(C)) ^ -|t7o« 2 (Ci-C2)(l-Cr 2 ) 2 ko+Ci+C 2 |, 
»£^ . Recalling that T fc „ s$ l cS (Ci k(C 2 NCi -< 2 e -tjR(iO" (0) ? it fol i ows from the above 

inequality for -m(id u (()) (on the ray C = Civ) = Ci + r^(Cl - C2)e~^, u G M;> ) that 
|e-^"(0 MC )| < _J^(^|M^ , geZ>1> 0<C 2 <i 7 <Af<Ci and |C 3 | 2 = 1. 

Proceeding in the above-demonstrated manner for the remaining domains and sectors, 
and setting 7£(C) = for C<0, one obtains the results stated in the Lemma; however, in order 
to analyse the (complex conjugate pair of) first-order saddle points at (3 and £3, one uses the 
fact that r(0) = and the solution of the RHP is bounded outside open neighbourhoods of 
{CiKLij and then proceeds according to the Remark in Section 3.1 of f4q| , □ 

From Lemmae 4.1 and 4.2, one derives the following (normalised at 00) RHP for m"(C) 
on the augmented contour 

Lemma 4.3. Let m c (C) be the solution of the RHP formulated in Lemma 4.1. As t— > +00 
such that 0<C2<jj<M<Ci and \^\ 2 = 1, with M E R>i and bounded, and for arbitrarily 
fixed, sufficiently large ZgZ^i, let the estimates in Lemma 4.2 be valid. Set 

m c (C), Ce^iUft 2 , 



m c (0(i+^(C)) _1 , CGn 3 u^uo 5 un 6 , 



m*(C): 

where w%(() := (S(Q) ad (^) e -ite^(0^3) w ^Q > with vj%(0 = (hn(0+K(Q)<T + and wl(() = 
-(hn(C)+n(C))a-. Then m s (C): C \ £' -» SL(2,C) solves the following RHP: (1) m tt (C) 
is piecewise holomorphic VC G C \ (£J m!j_(C) := Hm Tt jump 

(' S ± side of £' 

condition mU()=ml(()gt((), Cg£' ; w/iere g tt (C) := (I- (C))^ 1 (1 + ^1(0 )> «»tfc 



ci-i«L(or 1 (i+«4(0)= 



'(l-^(C))(i+^(C))- 1 , Cgm, 
(1+^(0), Cgl, 
.(i-^(C)r 1 , Cgl, 
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:= (<5±(C)) ad(,T3) e- itf?I1 ^ ad ( <T3 )<(C), where w° + (() = h I (Qa + and w°_(() = -h^QcJ-, 
andw%(() are defined above; (3) as (^oo, ( G C \ £', rJ{Q = I + 0(C l ); and (4) m tt (C) 

satisfies the symmetry reduction rrfi{C) = uim"(C) <J\ and the condition (m"(0)(<5(0)) <T3 (J2) 2 = 
I. Furthermore, u£(C) G n pg{1)2i0o} £^ 2(c) (M), u£ (£) G n pG{1)2i0o} £^ 2(c) (L) ; and G 

n P e{i,2,oo}^M 2 (C)( L )- 

Proof. From Lemma 4.1, one rewrites the jump matrix, Q C {C), m the BC form, Q C {Q = 
{l-w c L{Q)- l {l+w%{Q), where u/^C) := (<5± ( C ))ad(a 3 ) e -i^(C)ad(a 3 )^ (c)) with ^ (c)=p(c)(J+ 

and W-(() = —p(C) c-j an d p(C) as defined in Lemma 4.1. Defining tb"(£) as in the Lemma, 
one arrives, as a consequence of the above BC factorisation for the jump matrix, the RHP 
for m c (() formulated in Lemma 4.1, the decomposition p(Q = hj(() + (hu(Q +TZ(Q), and 
Lemma 4.2, at the RHP for m i {Q. □ 
The second main objective of this section is to reformulate the RHP for m"(£) on £' as 
an equivalent RHP for m stt (C) (see Lemma 4.6) on the truncated contour (see Figure 4) 

£ tt = £'\ (RU (L e UL<) U (L £ UL<)): = S^US F , (101) 
with Y, A , n S B ' = 0. In going from the RHP for m i {Q on S' to the RHP for m st (() on 




Figure 4: Truncated contour :=£a' U E B ' 
the error incurred (as a result of the truncation of the integration contour) will be estimated 
explicitly, and shown to be, as t — ► +oo, ( ) , and arbitrarily large, 

and 0(C) e 

^M^C)^ \ ^")- * n t ^ ie course °f these estimations, it will be shown that the 
(asymptotic) contributions of the functions /i/(C) : M ^ C (respectively /i/(C) : K — > C) and 
hn(C) : L^C (respectively hu(Q: L^C) are "negligibly small" (see Lemma 4.4), and the 
contribution to the leading order asymptotics of the solution of the RHP for m"(£) coming 
from M, L e U L e , and L< U L< are negligible (see Lemma 4.4). Using Lemma 3.1, the solution 
of the RHP for m"(£) on S' has the following integral representation, 

JE' (^-C) 27T1 

where M »(C) := ((l-C^r^XC). C w « *:=C + (*«;!_) + C_ (*«;*_), *G^ 2(C) (S'), (C±*)(C):= 
lim c /^ c is' S^? i^H' w ith to±(C) defined in Lemma 4.3, and iu"(C) := Ylie{±} w i(0- 
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One notes from Lemma 4.3 that: (1) for w^Q = wl(C)+u>+(C) = W-{() = 

(^-(C))- 2 e^(<)"' l/(C)(5+(C ))2e " 2ite " (O ) ; (2)forC€L,since«;L(C)=^(C) = (n) ) - tt (C) = 
4(0 =<(C) = (^/(C)+^(C))(^ (C)) 2 e- 2ifei ' (C) ^ + ; and (3) for CeL, since 4(C)=^(C) = 
(0 0), w»(C)=wL(C)=^(C) = -(/i//(C)+^(C))(5(C))^ 2 e 2i ' e " ( °cJ_. To carry out the second 
main objective of this section, and guided by the latter expressions, one decomposes w^(Q = 

«;*(C)=«; C (C)W(C), w e (C):=w Z (C)+w\C)+w c (C), (102) 

where: (1) w a (C) :=u>"(C) I'm has support on R, and consists of the contribution to w$(Q from 
hi(Q and hj(Q; (2) w b (() has support on L U L, and consists of the contribution to tt^(C) 
from /i//(CHl and ^//(OtiJ) (3) tf c (C) has support on L £ UL £ , and consists of the contribution 

to u;tt(C) from ^(C) Tl £ and ^(0^; and (4) w'(C)fs'\slt = (o o)- lt wil1 now be sllown that > 
as i — ► +oo, w e (() — ► (q q) (see Lemma 4.4), and the contribution to iu"(C) from TZ(() and 
7£(C) (in some regions, polynomials of degree fceZ^i, and in other regions, rational functions 
of the type P ol y nom1 ^^ degree k e z > I ^ w hich is lumped into the factor w/(C)> and has support 
on S", encapsulates the leading-order asymptotics. 

Lemma 4.4. For arbitrarily large !6Z^i, and arbitrarily fixed, sufficiently small positive e, 
as t^+co such that 0<(2<jj <M <(\ and |£ 3 | 2 = 1 ; with M GR>i and bounded, 

W w \ ^ln p6{ i,2,oo } ^ 2(c) W ^ |Ci+C2| 3 *' ' 

( \ I ( \\\ , <r l£(Ci.C2,C3.C3)l 

IF I VI ^Nn pe{1 , 2 , oo} £^ 2(c) ((cos(^ 3 ),o)u(o,iC2)) ^ ICiH-CaP*' ' 

lli/, 6 r \\\ — < l^(Ci.C2,C3,C3)| 

llw <• JI| n p6{ i, 2 , oo} ^ l2(C) (QoUQo) ^ |a +Ci+C2| , f ' 

ll w6 (-)lln pe{ i,2,=o}^ 2(C )Wiu5D < |c(Ci,C2,C3,^)|exp(-2 7 ^), 
lk b (-)lln rr) urn < l - (Cl ^ C # )l exp(-^), 

H u;b (-)/(-)lln pe{1 , 2 , oo} ^ M2(c) (Q 1 uQr) < |c(Ci,C2,C3,a)|exp(- 7j V), 
ll u;C (-)lln pe{1 , 2 , oo} ^ M2(c) (Q 3 u%) < |c(Ci,C 2 ,C3,C3)|exp(- e 2 7 ^), 
ll wC (-)lln pe{1 , 2 , oc} ^ l2{c /L > ui^)^l^(Ci,C2X3,C3)|exp(-Cik |(2-C 2 2 )t), 
ll wC (-)/(-)lln p6{1 , 2>oo} /:- l2(C) ( L> ui^) ^ |c(Ci,C 2 ,C3,C3)|exp(-Cik |(2-C 2 2 )t), 
ll-'(-)ll^ 2(c) ( S = lk(-)ll^ (c) ( S ») < T^ffe^fe ' 

ll-'(-)ll^ 2(c) (,0 = lK(-)lk 2( c ) (^) < ((C^K^iiU^ . 

w/iere Q := L \ (L> U L<), Qi := L> U {C; C = £ 3 := arg(C 3 ) G (f ,vr), u G (0,1 -e)}, 

Q 2 :={(; C = ve^, ^ 3 :=arg(C 3 )G(f,vr), v^l-e}, Q 3 :=L £ \L>, u; := ±(a 2 -z^-a 2 .) 1 ^ 
(GR+), and wi:=i(z2+32) 1 /2(4_ a 2)i/2 ( e R + ) ; ^ l, L>, L<, L £ , 7^, 7^, and 7^ de/med 
in Lemma 4.2. 

Proof. Without loss of generality, the bounds for ||w fe (-)||£j> ( (*) and | |w 6 (-)/(-)| c (*)-> 
p£ {1, 2, 00}, and rP > p' & {1, 2}, will be derived: the remaining estimates follow 

Z 'M 2 (C)W 



40 



A. H. Vartanian 



in an analogous manner. From the proof of Lemma 4.2 and the parametrisations of the 
respective rays given therein, one shows that, modulo a scalar factor of 2 on the right-hand 
side (RHS), 

f+OO 

\\ W \.)\\ rl tnu7r , </ |C(C1,C2,C3,C3)K e -lt 7o ( Cl - C2)(1 - C g)2| Zo+Cl - C2W 2 ^ 

— -i*Ki-C2)(i- z if T ) 2 k +Ci+C2k 2 
. A)?; y e l >i +1 



+ / |c(Ci,C2,C3,C 3 )|^e 4 " d« 

JO 

+ / 1 |c(C 1 ,<2,Cs,^|^e-^^ 1 -«) a l*^l« a df; 

JO 

+ f |c(C 1 ,C2,C3,C3)l^e-i^( 1 -^) 2 l-+^^ 2 dt,, 
Jo 

g 6 Z^i, where Qo is defined in the Lemma. Since, Vu^O, |Ci + "^(Ci — C2)e~~ — i|~ 2 ^ 1, 
and the integrands are positive functions of v, it follows, by a change-of-variable argu- 
ment and letting the upper limits of integration tend to +oo, that 1 1 ( * ) 1 1 zz 1 (QoUQo) ^ 

( \c(CuC2,C3,^)\t-^ 2+1 ^ , |c(Cl,C2,C3,C3")|t-<^ 2+1 / 2 ' , |c(Cl,C2,C3,C3")|t-'^ 2+1 / 2 ^ f +°C p ~U^ AC. W pp 

^ |2 +Ci-C2i"/ 2+1 / 2 + | 2 o+Ci+C2i^ 2+1 / 2 + J Jo e « ' ' nence ' 

recalling that [4C] T(z) = Jo + °° e~ x x z ~ 1 dx, >0, where T(-) is the gamma function, and 
J +o ° e- 2 dx = f , for i>l,lEZ^ and arbitrarily large, |h 6 (OII^ 2(C) (QoU^) < f^l+Sl 
From the estimates given in Lemma 4.2, it follows that, for % > I, \\w b (-)\\ rao < n , ^ 

A M 2 (C)^° U( "« J 

^%#rl# , and, from the inequality ||w fe (-)llr2 r > < I |w b (OI l£°° wll^QILci M and 
the latter two estimates, one shows that, for % > I, I |u> 6 (-)l I r z m , ,tt\ ^ r^^r^w ; hence, 

' ' 2 ' II WII£ M2(c) (Q UQo) ^ |2 +Cl+C2r*' ' ' 

recalling that llu/MIL rv m , ,tt\ '■= T^cm o ~-al I /-p , ,7^— , one obtains, 

fa ii v /M np e{li 2,oo}^M 2 (c)W oU< 3°) ^pe{i,2,oo}ii wnr^^^QoUQo)' ' 

for | > Z and the latter estimates, the result for ||u; 6 f-)|L r v m , irr^ stated in the 

2 ' ii v ^iin pe{ i >2 ,o }£ M2(C) (QoUQo) 

Lemma. From the proof of Lemma 4.2, one shows that, modulo a scalar factor of 2 on the RHS, 

\\^m^Q 1 ^li iS ^ M exp(-it|z o |C 1 (2-C 2 2 ))dg+/ 1 " £ |£(Cl ^i 3 ^ )l exp(-t(i|, o | 

— cos 993) sin 993) d£, with Q\ as defined in the Lemma: noting that the integrands are pos- 
itive functions of £, letting the upper limits of integration tend to +00, and using the 
fact that, with the principal branch of arctan(-) chosen, / +o ° gs^y = 7r /2, one shows that 

^|c(Ci,C2,C3,C 3 )|e~ 2 ^*, with 7^ defined in Lemma 4.2. The estimate 



<n 1 \TT\ ^ l c (Ci> (2, (3, C3 ) I e 27 ^* is a consequence of Lemma 4.2: using the latter 
two estimates and the inequality ||w 6 (0llr2 r*1 ^ H^OILc?? , r ,(*)lk 6 (-)ILci ,„,(*)> one de- 

t 'M 2 (C)^ / M 2 (C)\ ' M 2 (C) V ' 

duces that | |tu b (-)| | £ 2 (QiUQl) ^ I c(Ci , C2 , C3> C3)l e_27TC< ; hence, one arrives at the estimate for 



-M 2 (C)\ 

i77^ ^ |c(Cl , (2, 

-M 2 (C)^ 

||w b (-)lln en 1 irr^ stated in the Lemma. From the proof of Lemma 4.2, one shows 

that, modulo a scalar factor of 2 on the RHS, ||uJ 6 (-)ll£i (Q 2 u(h) ^ Ji^-T ^(v+lfe+i^ ex P( — * 
• (uj + ^ lV 2 ))dv^ ^i^M e-^o* jj+oo e -? 2 d ^ MCi^Me— ot ; with Q 2 , Wo> and Wl 
defined in the Lemma. The estimate I I r» ^ 1 ,7T"i ^ i^^fe^ll e"^ * follows from 
Lemma 4.2: using the inequality I 13-2 1 \ ^ I \c°° (*\\\w h (-')\\r^ i*\ and the 

& WII ^M 2 (C)(*) " WII S(C)W" WMi M 2 (C)W 

latter two estimates, one deduces that I I ^2 1 >rr\ ^ i^k^^iMJ e -^o* ■ hence, one ar- 

rives at the estimate for I U rv m , ,rr\ stated in the Lemma. From the proof of 

11 WM n p6{ i i2 , 00 }/:j l2{C) (Q2UQ2) r 



as 
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Lemma 4.2, one shows that, modulo a scalar factor of 2 on the RHS, | \w b (■)/(■)] \ c i (QiUQi) ^ 
ji exp(-|t|, |C 1 (2-Cl))exp(-^Ci 2 (l-K2 2 ) 2 )d(%)+Jo 1 " £ 'ff^g' *M~ 

fel sin ft) exp(-i| sin 2ft |) *S J^ggl, exp(-it|z o |Ci(2-C 2 2 ))/ +o ° e-^-^+lfiCCi, C2, 
Cs, C3)|e-3*l ***h\ J+ 00 e-^r 1 d£< |c(&, (2, Cs, Cs)!^ 7 " 4 , g€Z >a , with 7 } 7 defined in Lemma 
4.2. Also, ||u> 6 (-)/( - )ll,c^ c (QiUQT) ^ l^(Cij C23 C3, Cs)^ -7 "*, and, from the latter two esti- 
mates and the inequality \\w b (■) / (-)\\ 2 2 ( «: ||w 6 (•)/(•) I U?? rr1 (*)ll^ 6 (0/(0llz;i ,_(*)> one 
deduces that ||^ b (-)/(")ll,c 2 ( {Q t \jQl) ^ ls(Clj C2, (3, Cs)l e_7ri *; hence, one arrives at the es- 
timate for ||u; 6 (-)/(-)IL rp in 1 irr\ stated in the Lemma. From Eq. (102), the fact 
11 v // v /iin pe{ i j2j00 }Z; M2(c:) (Qiugi) ^ \ » 

that w'(() ts'\stt = (oo)> an d the proof of Lemma 4.2, one shows that ||u/(-)||£i (jy) = 

•|c(Ci,<2,C3,a)|(CK2)ex P (4i^ 

C2) exp(-f 7o (Ci-C 2 )(l-C|) 2 |^i^2|^)d^ (|c(Ci, C2, Cs, Ca) I (Ci-C 2 )/( V*(Ci - C2) +Ci +C2I 

•(i^^Ci^Cs^KCi^Av/^ 

Cs) I (*(Ci-C2 ) I ^o+Ci+C 2 1 ) - 1/2 ; hence, l^ 2(c)( s') = I ^'(Ol l^ 2(C) (s») ^ |c(Ci, C2, Ca, Cs)|(t(Ci 

-C2)No+Ci+C 2 |)- 1/4 . " ' " □ 

Definition 4.1. Let N(*) denote the space of bounded linear operators acting from C^,q(*) 
into £m 2(c) (*). 

The following Lemma will be proven a posteriori (see Section 5, Lemma 5.4): 



Lemma 4.5. ^4s i — > +00 such that 0<(2<jj<M<(\ and \(s\ 2 = 1, with M E M>i and 
bounded, (I-C^O^EjVCS') (||(l-C tfl /)- 1 ||j^ S / ) <oo). 

Remark 4.3. Actually, the operator (1 — C^') -1 acts in I+jC^- , C %(E'); however, due to a 
result of Zhou [31], using the Fredholm alternative, if (1— C„/) -1 is invertible on /^^(X/), 



then it is invertible on every space set theoretically contained in the span of constant func- 
tions and C^ 2 ^q(T,') (which is the case here); hence, one can consider (1 — C W ') \^ ( q( e ')' 

The result stated in Lemma 4.5 should not, after all, come as a surprise, since the jump 
matrix of the RHP formulated in Lemma 2.6, within the framework of the BC formula- 
tion introduced in Section 3, admits a (bounded) algebraic factorisation of the form G{Q = 
(I — w^(C)) -1 (I + w+{C))i C £ ^ (oriented from —00 to +00), and due to another result of 
Zhou [p^ [ (see, in particular, Proposition 2.16 and the arguments thereafter), one has that, 

for r (0 es&CR), ||(i - c^m^ *S ( V^+q' j^s* 1 1 0- ~ w - (0 )~ l 1 k? 2(c) (*J » 

with A max := supramaximal eigenvalue of (Q(C,)Q^ (C,)) 1 ^ 2 } , where t denotes Hermitian con- 
jugation, and A min :=infrpw {minimal eigenvalue of 1(G(C)+GHC))} (see, also, Lemma 2.31 in 
1ST 



Proposition 4.2. As t^ +00 such that 0<(2<jg<^~<Ci and \( 3 \ 2 = 1, with M E E>i 
and bounded, (1-CJ)" 1 E^(S , )^(1-C W /)- 1 EjV(S'). 

Proof. For (1-C^)" 1 ^m 2 (C)( S ') ^^m 2 (C)( S ') and i 1 ^*)' 1 ■ ^ ^ 3 (C)P) , 

from the second resolvent identity, ( \—C w — (1—C W / ) ~ lj r(l—C w a ) ~ 1 (C w i—C w > ) ( 1—C W ' ) ~ 1 ; 



hence, ||(l-C wt t) _1 ||^(E') < 1 1(1 Il^so + IK 1- ^) -1 !!^')!!^* -C«/)lk(£')l 



1 
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C w ') R- eca lli n g from Section 3 that, for *££m 2 (C)(*)> C w *:=C + (-kW-) + C-(-kw + ), 

using the linearity of the Cauchy operators, C±, and recalling Eq. (102), one deduces that 
(C wt -C w ,)* = C + (*w e _)+C-(*w e + ) = C w ^ hence, \\(l-C wt y 1 \\ n ^ ) ^\\(l-C w/ y 1 \\ n ^ ) + 
IKl-C^)- 1 !!^)!!^ Eq. (102) thatw; e (C) = 

w a (C) + w b (C) + u;C (0) using the bounds in Lemma 4.4, one shows that | |^ e (-)| \c°° (E'1 ^ 

M 2< c ) 

l f£0$$ +O(\c((l, C2,C3,C3)|exp(-tmin{2 7 ^,a;o, £ 2 7^,|z |Ci(2-C 2 2 )})), with Z G Z^ and 
arbitrarily large; thus, from Lemma 4.5 and the estimate for ||i« e (')||,cg ( C )( s ')' one snows that 

II(1-C w »)- 1 ||k(e')< 00 - d 



Proposition 4.3 (fl27f). ForCeC\£', 

((l-C^)- 1 !)^)^^) dz /■ ((l-C^)- 1 !)^)^'^) dz +yl+a3 + e+C) 



E' 



where 



{z-0 2ni Jv (z-C) 2vri 



/4 _ , ^ £ (Z) dz f {{l-C w ,)- X {C w el)){z)w*(z) dz 



E' (^-C) 2vri' is' (^-C) 2vri : 

((l-Cfl/)" 1 ^!))^)^^) dz 



D: 



E' 



E' («-C) 2vri' 

((l-C^)- 1 ^^!-^)- 1 ^!))^^) dz 
(z-C) 2vri' 



Remark 4.4. Hereafter, all exponentially small error terms of the type C(exp(— £ 
R+, will be neglected, and only leading order error terms will be retained. 

Proposition 4.4. If (1— C w i)~ l G N(E'), i/ien, /or CgC\£' and arbitrarily large ZeZ^i, as 
i— >+oo such that < (2 < jj < M < d and \(z\ 2 = 1, with M £8>i and bounded, 

r {{i-c wi )- l i){z)w*{z) dz _ r ((l-c^iK^w'jz) dz / c(Ci,C 2 ,C3,6)/ / (C) \ 

is' (*-C) 2vri i s , (z-C) 2tti V ko+Ci+C2| ; t z y' 



with /'(C)e£S 2( c)( C \ S 0- 

Proof. Modulo exponentially small terms (cf. Remark 4.4), one must show that A, 23, C 

(Cl,C2,C3,5)<>« 
|2o+Cl+C2| ; * i 



and D have, respectively, for arbitrarily large ZeZ^i, the estimate O ( -^'f 1 '^f 3 '*f ) > w here 



1 1 < C > (- ) I |jC°° (c) (c\E') < °°. From the definition of A. given in Proposition 4.3, and Eq. (102), it fol- 
l ows that ^ 1 1 ( " ) 1 1 ^ 2 (c) (K) + 1 1 ^ fo ( - ) 1 1 jC ^ 2 (C) (Lur:)+I I ^ c ( ' ) 1 1 ^ 2 cc) ( l s ur^) < 1 1 ^ ( • ) 1 1 J ci l2 cc) (k) 

,s(L>uE^)' whererf 2,C : - su P(2,C)eE'xC\E' K^-C) *l (<°°); hence, from the estimates 

given in Lemma 4.4, modulo exponentially small terms, one deduces that \ A\ ^ ■ 
From the definition of 23 given in Proposition 4.3, Eq. (102), and Lemma 4.5, 27r|23|(d 2>? )- 1 < 

||(i— ^o~ 1 ll^c^oll^-- I M>c^ 2CC;) (soll^ tJ C-)ll^ :2CC;) (so ^ |c(Ci, C2, Cs, C3)l(ll^ s (-)llzzg, 2CC:> (i R )-^ll-^ fo (-) 

I l wC (")l \c 2 (l £ ulT))' usm S the estimates given in Lemma 4.4, and recalling that w'(C)fs'\Ett = 
t 00 ), one shows that 27r|i5|(cf Z)C ) ^ i^+Ci+kl'*' I ((Ci-Ca^o+Ci+Cal) 1 /^ + i^+Ci+Cal'* 1 )' 
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whence |S| < '"^J+^+^jl^^ • From the definition of C given in Proposition 4.3, Eq. (102), 

Lemma 4.5, and recalling that iu / (C)ts'\s»=(o o)> ITT < I K 1 ~ IwsmIIC^'IH^ (s a 

■ lk e OII^ 2(c) (E < , C 2 , Ca , Ca) 1 1 1-,' (0 1 1 ^ 2 CC5 C^) ( I CO 1 1 ^ CCJ (^) -H I (0 1 CC5 CL^II) + 

H u ' C (')ll£ 2 (L e uC))' thus, using the estimates given in Lemma 4.4, one shows that ^ 

|c(Ci,C2,C3,C3)l |c(Ci,C2,C3,C3)l whence I PI < Ig^i^i^)!^ From the definition of D 

l^+Ci+C2|'t i ((Ci-C2)ko+Ci+C2|) 1 /4ti/4' wnence, |U| ^ | 2o+Cl+C2 |, ti • ^rom tne aenmuon oi u 

given in Proposition 4.3, Eq. (102), Lemma 4.5, and noting that w / (C)rs'\stt = ( o o )> ^ follows 
that 

J - ■ < IK 1 — ) —1 1 1 3sr(so 1 1 1 1 11(1 — C^tt )~ x 1 1 >j^(so 1 1 lz;g^ 2 CC) (s') 



^|c(CiX 2 ,C 3 ,G)KIK(OI^ 



0sgn i <2 
,C( \ I IT14 



whence, using Chebyshev's inequality^], one shows that 

^(IK(-)lk? ^(K)+lk b (-)IU ,„jLuD+lk c (-)ll 



c(Cl,C2,C3,C3)l ( ' )ll£ M 2( C,W + H W (VM£ S2(C) (LUL)^H- Wl LC^Ls"- ■ 



+ H- c (-)ll^ 2(c)(L£ ur7)); 

hence, from the estimates given in Lemma 4.4, I*"]^ < r^%l^rl4rar ; l-^ 1 '^ 2 '^ 3 '^ 3 ^ whence 

ijji ^ l£(Ci,C2,C3,C3)Mz,c j From the above-derived bounds for A, S, 6, and T>, one arrives at the 
result stated in the Proposition. □ 
Definition 4.2. Recall the definition of the BC operator: C*0 :=C + (0*_) + C_(0* + ), <)€ 
^M 2 (C)(*)' w ^ iere C± : ^m 2 (C)(*) ~^^M 2 (C)(*) are ^ e (bounded) Cauchy operators introduced 
at the beginning of Section 3. Let: (%) C^u := : ^m 2 (C) (^') ~ * ^M 2 (C)(^') denote the BC 
operator with ~k<-+w$; (2) C w > :=C^, : ^m 2 (C)( s ) "~ * ^M 2 (C)( S )> s G {^'> ^"}> denotes the BC 
operator with *<-+w'; (3) l s , s€{S',S"}, denotes the identity operator on £^ 2 ^(s); and (4) 

4, (C) := vfl (C) and (C) : = «/ (C) f E » • 

Note also that, since u>'(C)f s ,\ s a= (gg), C$* = cj'^*^ (W_) + c5\ E * uE * (W + ) = 
C?(W_)+C?»(W + ) = C#*. 

Corollary 4.1. J/ (ls'-C^,')" 1 GN(E'), i/ien, /or CeC\S tt and arbitrarily large leZ^i, as 
t^+oo such that < (2 < jj < M < (1 an d |C3| 2 = 1 ; wift MgM>i and bounded, 

((ljy-CS)" 1 !)^^) dz /■ ((Isl-Cg,)- 1 !)^^) dz 



(z-C) 2vri 7 e b (z-C) 2vri 

, .,/ c(Cl,C2,C3,C3)/»(C) \ 

! k+Ci+Cai'* 1 /' 



3 If ai >a 2 > ■ • • ~^a n and 61 > & 2 > ■ • • ^ bn, («i +«2H h a™ ) (&i + £>2 H K)„)^nJ]" =1 ai&i 
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wtth /tt(C)€£~ (c) (C\E»). 

Proof. Set ^ S '(C) -((Ie'-CS)" 1 !)^) and ^\() := ((l s8 -C^^IXC). Then, from 
Proposition 4.4, Definition 4.2, and the fact that it/ (C)\w\iy = ( o o)' 



/• vF\z)w\,,{z) dz f ((l s ,-C*)-H)(z)w>(z) dz , c 

_ f (((i s /-cg;)- i i)(^)t s , xse )K( Z )r E , xs ») d2 /• (((lsz-cg;)- 1 !)^)^)^^)^) d ^ ,p 

"7e'\e» ^ ^ + yE» ^ ^ + 

where £:=0 ( MC^ggC) ) ; with ||/»(.)||^ 2(c)(c ^ ) <oo. _ □ 

As a consequence of Corollary 4.1, one can now consider, to O { ^^^^^^p- ) i with 
arbitrarily large I € Z^i, and ||0(OII>C°° (C\E») < 00 , the (normalised at oo) RHP for 

M 2( c ) 

m stt (0 : = ^"(C)tsti on ^"i thus realising the second main objective of this section, and 
culminating in the following 

Lemma 4.6. As t — > +oo stic/i i/mi 0<C 2 <jg<-M"<Ci ari ^ | <Ts 1 2 = 1, ^ G M>i anc? 
bounded, m s> (() := m"(£) |" s tt solves the following RHP: fij m stt (£) is piecewise holomor- 
phic VCGC \ St<; (%) m^(C) :=lim c '^ c m 2 '^') the jump condition (Q = 

C' e ± side of stt 

u;?(C) = (5(C)) ad{,T3) e X p(-itc9«(C)ad(a3))^(C)a + , (C) = ( 8 8 ) » CgL\L £ C £«, 

«;?(C) = (88). ^(C) = -WC)) ad(,73) exp(-i^(C)ad( CT 3))^(C)^, CGL\LT C £», 

mi/tL £ :=L £ UL > UL < ; as C^°o, CgC\S", m stl (C) =I+C(C 1 ); and (4) m stl (C) satisfies 
the symmetry reduction m stt (£) = <7im stl (£) o"i and £/ie condition (m stt (0) (c)(0)) " 3 02) 2 = I. 
Furthermore, w± (() € n pe ( li2i oo}^M2(C) 

Proof. Follows from Lemma 4.3, Lemma 4.5, Corollary 4.1, and the definition of m stt (C) 
given in the Lemma. □ 



Remark 4.5. In Lemma 4.6, 1Z(Q denotes the piecewise-rational function 1Z{Q with the 
complex conjugated coefficients. 

Using Lemma 3.1, the solution of the RHP for m stt ((") on stated in Lemma 4.6 has 
the integral representation 

m*(0=I+/ ^W^M^l, CeC\E«, (103) 
Je» (z-C) 27ri 

where ^ (() := ((1 E , - Cj, )~ 1 I)(C), and (C) : = £, 6{±} ^ (0 • 

5 Towards the Model RHP 

In this section, the RHP for mP\() on S" stated in Lemma 4.6 is reduced to RHPs on 
the two disjoint crosses S^/ and and it is shown that, as t — > +oo, the leading term 
of asymptotics of the (singular) integral representation for m stt (C) can be written as the 
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linear superposition of two (singular) integrals corresponding to the solution of two auxiliary 
RHPs, each of which is defined on one of the disjoint crosses. Furthermore, the basic bound 
on (l S j — C s ^) _1 , namely, (l s tt — C 12 ^ ) _1 G N(E"), is proved, whence, as a consequence 
of Corollary 4.1, Definition 4.2, Proposition 4.4, and Proposition 4.2, the basic bound on 
(l-C w ,)-\ that is, (l-C^)- 1 ^^'), follows. 

To formulate a number of exact results, some notational preamble is necessary. Re- 
calling that, for 0(C) e £m 2 (c)( sB )> the BC operator is defined as C^O := C+(0w?) + 

C-(Qwf), where (C±0)(C) == 1™ f ^ f / E , ^ fj, one shows that, for W E *(C) := 

C' G ± side of Ett 

Eie{A',B'}^ l (0, where ^(C) := ^ sP (C) te t and «,^(C) = (g g), C € Z ^ j € 
C S> = c %0 + c %0> where : = (C+iOw^ + C-iOw?))^, I e K,^}; 

hence, as an operator on /^^(E"), C 1 ^ :=X)je{A' B'}C^s ( - Writing S" = U E#/, with 
T*A' n Eg' = 0, extend the (oriented) contours and E#/ (with orientations unchanged), 
respectively, to the oriented contours 

%a> HC(«); CW = C 2 +^(Ci-C 2 ) exp(±f ), «e [o, +00)} 

U{C(«); C(«) = C2 + ^C2exp(±^i), V €[0,+oo)}, 
Sb'=={C(«); C(«) = Ci + ^(Ci-C2)exp(±^), V €R}, 

and denote by E^ and respectively, the contours {w(v); m(v)=v{(,i—( i 2) exp(±^), v eM} 
oriented "outward", as in E^/ and E^', and "inward", as in £#/ and £#/. For / G {A',B'}, 
define w s '(C) = Efce{±}^fe'(C) on E, via 

^ (0 . = /- S( (C) = E fee{±} ^(0, C€E,CE Z , 
\(88). C€S,\E,. 

The corresponding BC operators on Sj, I G {A,B}, are denoted by C^, and, on £//, by 
Cj . Introduce the following scaling-shifting operators: 



Ma- £ 2 (E a ,H£ 2 (Ea), f(0^(M A f)(w) = f(C2+s A (w)), 
Mb- £ 2 (E B ,)^^ 2 (E B ), s(C)~(Mtf)(w) = <7(Ci+£B («;))> 



(105) 



where 



(ffi) :=ffi/J^l (*&g*>) V2 , £fl (fi) :=£/^M (M^l) 1/2 . (106) 



Noting from the expressions for (£) given in Lemma 4.6 that, modulo factors like 7£(£) and 

7Z((), the elements of the jump matrix for m? (C) are proportional to (5(£)) ±2 exp(=F2ii# u (£)), 
one considers the "action" of A4, k<E {A, B}, on such terms. 

Proposition 5.1. Lei A4, fe G {^4, i?}, be the operators defined in Eq. (105). Then, for 
k£{A, B}, with £k{w) defined in Eq. (106), 
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where 

^:=|C2-C3|"(2t(Ci-C2) 3 C 2 - 3 )^e^)exp(f(Ci-C 2 )(^ + Ci + C 2 )), 
^:=|Ci-C3r i!/ (2t(Ci-C 2 ) 3 Cr 3 )^e^)exp(-f(Ci-C 2 )(^ + Ci + C2)), 

°A\ w )-—\ W) \ -(C1-C2) ) e e eX P^3!(2(Ci-C2)) 3 / 2 |C2-C3| 3 V* 

ObW — W ^ (Cl _ f2)+£B()2) ; e e 4 e xp^ 3!(2(Cl _ C2)) 3/ 2 | Cl _ C3 |3 v ^ y / ' 

with v defined in Proposition 4.1, 

/•° ln(l-|r(/x)| 2 ) d M / l-|r(/x)| 2 \ 1 

XlU ' 7-oc (M-C) 2vri + 4 Vl-KCi)IV(M-C)27ri' 

^f(C„) := 2C7 3 (2(Cl-C2)(Cn-™S^ 3 ) + (-l) n+1 |Cn-C3| 2 (l + 3(-l) n C 1 (Cl-C2))), « G {1,2}, 

(^3 :=arg(^3) G (|, 7r), and (±ty) ±liy :=exp(±ii/ln(±7/;)) wi/i branch cuts along =FM+. 

Proof. Consequence of the expression for (5(C) given in Proposition 4.1, the formula 
(Eq. (8)) 9 u (() = l((-±)(z +(+±), the definition of the operators M k , k£{A,B}, given in 

Eq. (105), and Eq. (106). □ 
For k£{A,B}, define 

A° fe :=(^r, (107) 
and let A° denote (the operator of) right multiplication by A°: 

A°0:=0A°. (108) 



Remark 5.1. One notes from Proposition 5.1 that, for k G {A,B}, since x(Cfc) are pure 
imaginary, \5®\ = 1; furthermore, from Eq. (108) and the aforementioned, one also shows that 

A° are unitary operators, namely, (AjJ)t = (A°) _1 . 
Proposition 5.2. For £;£ {,4, -B}, 

°X =(AA fe )- 1 (A0)- 1 c5 fc (A° fe )AA fc , ^=^C):=((A fe )- 1 (A4^')(A^))(-), 
where 

C lk\c^ k) = C-(-((^(^)) 2 ^(C s ( fe )+ efc ^))^ + )), 
fr , = -^(-((^(^))" 2 ^(C s(fe )+e fe ^))^)), 

w £ M 2 (C)( L fc) 

s(^4) = 2, s(2?) = l, and the rays Lj. are defined as 

Z A :={w; ^ = 1 ,(t(C 1 -C2) 3 C 2 ~ 3 ) 1/2 |C2-C3|exp(f ), «G[0,+cx))} 

U{^; ^ = V (t(Ci-C2)C 2 " 1 ) 1/2 |C2-C3|exp(-3|i), uG [0,+oc)}, 
L B :={^ ; u7 = <t(Ci-C2) 3 Cr 3 ) 1/2 |Ci-C 3 |exp(^i), veR}, 

so that Sfc = L/j U Lfe . 



Asymptotics of the Defocusing NLSE 



47 



Proof. The case k = B is considered: the case k = A is analogous. Recalling the def- 
inition of the Cauchy operators, C±, the BC operator, applying the operator Mb defined 
in Eq. (105), using Eq. (107) (in particular, the ^-independence of 5 B ), and the action 

(Eq. (108)) and unitarity (Remark 5.1) of A*g, one obtains, via a change-of-variable argument, 
the expression for C ~ stated in the Proposition, where C v =C, ,, , s w . , = 

C + (iA%)-HM B w^ B ')(A%)) + C-(iA%)-^M B wl B ')(A B )). From the definition of (£) 
given in Eq. (104) and recalling that u> Ss (£) := w s> (£) \s B , one shows, from the expression 
for ™ S \C) = £* e{±} ™?(0 given in Lemma 4.6, that: (1) ((A^)- 1 ^^')^))^) \ ig = 
({A%)-HM B Ql B ')(A B ))(w)\^ = (^ ); (2) for w€{z; , = t ,(t( Cl -C 2 ) 3 Cr 3 ) 1/2 |Ci-C3|e^, -oo 

<K£}CL B , ((A^)-HAA B ^ s 0(A^))(^) = (<5|j(^)) 2 ^(Ci + eB(^)V + , and, for w G L B \ 
{z; z = ^ (Cl -C 2 ) 3 Cr 3 ) 1/2 |Ci-C3|e^, -oo<^<e}, ((A%)-\Mb^ b ')(A b ))(w) = (° g); and 
(3) foiwejz; z = « (t(Ci-<2) 3 Cr 3 ) 1 /2 |Ci-C3|e-^, -oo<^< £ }cL B , ((A0 J )- 1 (AA B ^')(A° B )) 
(55) = -(5 B (w))- 2 TZ(Ci+e B (w))a^ La nd, for » G L B \ {z; . = «(*(&- C2) 3 Ci~ 3 ) 1/2 |Ci " 
C 3 1 e~ , - oo < v < e} , ( ( A% ) - 1 {N B uf B ' ) ( A%)) (w) = ( g g ) . With the expressions for ( ( A B ) - 1 

• (M B w±' ) ( A B ) ) (w) , 55 G S B (= L B U L B ) , and the formula for C% given earlier in the proof, 

one arrives at the expression for C^ B B \ C ^ {*)■> *£{Lb,Lb}, stated in the Proposition. □ 

From the formulae stated in Proposition 5.1 and the definition of the rays L&, k G {^4, B}, 
given in Proposition 5.2, as t^+cc: (1) for w G L&, A;G{A, B}, (^(w)) 2 7?-(C s (A;) — ► 

(sgn(fe)w) 2is s n ( fc ) iy exp(-isgn(A:)w 2 )^(C s ± (fc) ), with s(A) = 2, a(S) = l, and -sgn(A) = sgn(£) = 

1; a nd (2) for 55 Gl^, fc€{A,B}, (<5i(^))- 2 ^(C s(fc) +e fc (^)) - (sgn(£;)n7)- 2is s n (^ exp(i S gn(fc) 

• w 2 )TZ(Cf^) (see Lemma 5.1 for the definition of ^(C^fc)))- 

Lemma 5.1. Let 7 G (0, ^) 6e an arbitrarily fixed, sufficiently small real number, s(A) = 2, 

s(B) = 1, 's(A) = 1, 's(B) = 2, — sgn(A) = sgn(5) = 1, L&, k G {^4, B}, be the rays defined in 
Proposition 5.2, and £k{w) be defined by Eq. (106). Then, for k G {A,B}, as t — > +00 snc/i 
i/tai 0<C2<]g<M<Ci and |( 3 | 2 = 1, mffiMel^ and bounded, 

\\(5l(w)) 2 n(Cs(k)+e k (w))-(sgn(k)^ ™ - 

|c 5 (C s (fc))l|c(Cs(fc),C3,C3)| ln(t) 



||$(«9)- 2 rc& (fc) + efc ^^ 

;5 (C s (fc))l|c(Cs(fc),C3,^")| ln(£ 
IC.(*)-CslV(Ci-C2) v 7 * 



^ |c g (C s(fc ))ll £ (C ?(fc ),C3,C3)| eX p(- l 7 ^(fc)^t) , wel k , 



where Tl((?) := Um m)Kl K(0 = KCi), ft(Cf) := lim»( C ) Kl ft(C) = -r(Ci)(l- IKCOI 2 )" 1 , 

TZ{Ct) :=lim R(mf2 ^(C) =r(Ci)(l-|r(Ci)| 2 r 1 , ft(C 2 ") := lim R(c)TC2 ^(C) = -r(Ci), := 

C 2 ' 1 (Ci-C2)lC2-C3pmin{C 2 - 2 (Ci-C 2 ) 2 ,l}, E{B) := Cf 3 (Ci - C 2 ) 3 |Ci - Cs| 2 , < v A < e , and 
— oo<v B <e, with e some judiciously fixed small positive real number. 

Proof. Without loss of generality, the C°°{*) bound for the case k = B and w £L B is 
considered: the remaining cases follow in an analogous manner. One begins by writing, for 
7G (0, ^) and wGLb, 

(6 B (w)fnCi+e B (w))-(w)^e-^^ 
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i(i-2 7 )a 2 , ^(Ci)C? /2 a > ;n _o^, T ,2 

.(w) 2i "e " 2 l+ «v^(i-27)v^(Ci-c 2 ) 3 / 2 lCi-C3l 3j e 2(x(Cl+£B( "' )) ~ x(Cl)) -^(Cf)(w) 2i ' / e~ 2 ]). 

One notes that e~~i w =exp(— ^Ci 3 ((i — C2 ) 3 1 Ci — C3| 2 ^b*)> ~~ oo<V£<e, which gives rise to 

~2 

the exponential factor stated in the Lemma, and e _1 ( 1_27 )~2~ =e xp(— (— 7)CT 3 (Ci — C2) 3 |Ci — 
(,3\ 2 v 2 B t). From the definition of 1Z(Q) given in the formulation and proof of Lemma 4.2, and 
the fact that r(Q € 5c(K) n {h(z); \ \h(-)\ \c°°(nt) '■= su PzeR \h( z )\ < 1}, one shows that, for 

u B €(-oo,e), |^(Ci+£s(^))| = |^(Ci + 77I^(Ci-C2)e^ i )|^|c(Ci,C2,C3,C3)|. One shows that 
snp^ <VB< , I ( (Cl _ ( g^ (a) ) 2i 1 = sup_ 00< . B<g |e 2 - ^+78^ ) , ^ ^ m ^ \c^ u ^M, 
with < v : = i/(Ci) < z/ m := ln(l - sup zeR |r(z)| 2 ), since arg(l + ^u B e^r) G (— k,tt), 
-00 < < e: also, |(w) 2l ^| ^ e 27rl/m < |c(Ci> (2, (3, C3) I - F° r the exponential term £7 := 
exp (-i(l - 7 )^(l + -^^^ 7 __ )) > in light of the estimation for e^i^)- 2 

given earlier in the proof, one must study the sign of 3^:=jft(l + 3 ^ ( , 1 _ 2 ^^^ ^ p /2 ^ _^ p ). 

One shows that, for — 00 < vb < e, 3? = 1 — g ( i^f 20-) | Ci — C3 1 ^ ' -^ rom ^qs- (^) and (1^), an d 

$ u (Ci )C 3 

the formula for 6*3 (Ci) given in Proposition 5.1, one shows that, for z Q < —2, > 
0, whence g^l^i^i^p > 0; hence, for —00 < vb < s, and choosing e so (small) that 
1— q^^-tOICi— C-j| a > ^' ° ne deduces * nat ^ > 0) from which it follows that \E\ ^ exp(— (i — 
T)Cr 3 (Ci-C2) 3 |Ci — Csl 2 ^!?*) ^ |c(Ci, C2, Cs, Ca)l- The boundedness of e 2 (x(Ci+efl(t5))-x(Ci)) is a 
consequence of the inequality 1 1 (<J(-)) =tl I |£°°(C) < 00 (Proposition 4.1) and the formula for x(C) 
given in Proposition 5.1. Via a Taylor expansion argument, one shows that (1Z(Ci + 

e B (w))-Tl(Ci))\ < '^^^^'f^W'fW, For e-^\( lr ) 2i ^-l), one shows that 

|e~^ ffi3 (( (Cl _ ( g^ (i5> ) 2i --l) I < 2|e~ I l^/^^VCCx-C^g-^-i^, < ^ ^ m exp(-^ T Crf(Ci- 

C2) 3 |Ci-C3lH^B S up sg[0 , 11 {|z- 2 - 1 |; z = l + j.8v B e™, -00 < V B < g] < j J^^feL- , 

since l^ 2 ^ -1 ! < e 27riy ™((l - ±svij) 2 + (±svb) 2 )~ 1/2 < 00, (s, u B ) € [0, 1] x (-00, e). Using the 
inequality |eO-l|<sup ag [ 0)1 ] |e s<> 1 1 0| , 

| e -^ 2 ( e 2 W^("))^^^ 

x sup \e 2s ^ 1+£Bi ^- x ^\\x(Ci+e B (w))-x(Ci)\ 
se[o,i] 

^|c(Cl,C2,C3,C3)|exp(-i 7 Cr 3 (Cl-C2) 3 |Cl-C3| 2 4i) 

x |x(&+£b(«0)-x(Ci)I- 

Recalling the definition of x(C) given in Proposition 5.1, one writes, via an integration by 
parts argument, x(Ci+eB(w))-x(Ci) = ^(/r»°+/rt^ 

("1 ) ) d In ^ j_| j^jj? ^ := ?i + ?2 + ^3 + with M G (respectively <5 G ) an arbitrarily fixed, finite 
(respectively sufficiently small) positive real number. Using the fact that r(Q £ 5c (K), one 
shows th&tJ3j\^0(\e B {w)\), ;e{l,2}; hence, exp(- i^Cr 3 (Ci - C2) 3 1 Ci ~C 3 1 2 ^*) (Pi I + P2 1 ) ^ 
IC^aV^cfc ) ' Recalling that r (°) = ° and I l r (-)l lr°°(R) < 1, one shows that exp(-±7Cf 3 (Ci- 

C2 ) 3 1 Ci - C3| 2-u R^)p3| ^ |c(Ci,C2,C3,C3)l _ Using the Lipschitz property of the reflection coef- 

ICi— C3I v tCCi— C2) 

ficient, namely, \r(zi) — r(z2)\ ^ A r \zi — Z2\, with Lipschitz constant A r > 0, and the fact 
that r(C)€S£(R), one shows that exp(-± 7 Cr 3 (Ci - C 2 ) 3 |Ci - CslHON ^ ^M|j^|M= + 
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|c*(Cl)l|c(C2,C3,C3)|lnt h 

ICi-Csl^K^) ^ 

exp(-i 7 cr 3 (Ci-C2) 3 iCi-C3i 2 4^)ix(Ci+^(^))-x(Ci)i^ 

+ 



ICi-CslV*(fi-C2) 

|c S (Ci)l|g(C2,C3,&)l lnt 



Using the inequality |e^ — 1| ^sup sg [ 0j i] |g^e s ^|, 

le-^C^^e-^i-^Ce-^-l)! < exp(-|(l— y )Cr 3 (Ci-C2) 3 |Ci-C3| 2 ^) 

xe 2 ™ m |i| sup |e' is »|^ 

where ♦:= „ r- n ^ — rrr- Gathering the above-derived bounds, one deduces that, for 

6V2 Vt (Ci-C2)' i/ ' ! Ki-C3l d 

v B e(-oo,e), 

x exp(-i 7 Cr 3 (Ci-C2) 3 |Ci-C 3 | 2 4i) 7?- □ 
Proposition 5.3. For general operators C S s ,, fee {1,2,... , A/"}, i/ (l s j — C S s exists, 

ID k " W k 

then 

N N 
AT AT 

-EEp-Wb-^)-^. 

i=i j=i 

AT AT 

(!s» Yl C %' K 1 ^ +X C 5v -C VV 

j=l j=l 

AT AT 

■yStt ^E* /-, rfc* \ — 1 

W t- w 3 to J 



L Etl 



i=i j=i 



where 5ij is the Kronecker delta. 



Proof. Follows from the assumption of the existence of the general operators (l s tt 



C S e ,) 1 j k€{l,2, . . . , N}, the second resolvent identity, and an induction argument. □ 



w 



Lemma 5.2. For a^(3e {A 1 , B'}, as t ->■ +00 such that 0<( 2 < 7 g<M<d and | Cs 1 2 = 1; 
with MeK>i and bounded, 

||^E» ^s" I, ^ |c(Ci, C2, C3,C3)| 

1 1 c w , a 1 1 nm < 

n^Ett ^Stt || ^ |g(Cl, C2,C3,C3)| 

ll C ^ C ^ll^ 2 (C)(S»H^ 2(c) (E»)< (Cl _ C2)7 /4 (ko + Cl+C2 | t) 3/4- 



^e" 

^M 2 (C)(^")' f rom the definition of the BC and Cauchy operators (and their associativity 



Proof. Without loss of generality, the bounds for C^ Al C^ g/ are proved. For 4>(z) G 
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properties), it follows that 



X{z):={C%C%Mz) 



= (C s * (Cf (<t>wl Bl )wl A ' ))(z) + (Cf (C^ (<M>+ S ' )w^ A ' ) ) (z) 



mw- B ' (o^- A> '(c) dc 



+ i Ai ? m c I bi wcm^ 

C" 6 + side of E A , A C' e + side of S fl/ D 

<K0^+ B '«V+ A, (C) dg dc 

(?-C')(C-C") 27Ti 2 7ri> 



+ 



lim / 



C" e - side of E A / 



A' 



lim 

e'-c 

C' e - side of T. B , 



B> 



but vl B ' (Ow^' (C)=wl B ' (Owl A ' (C) = (gg ), thus 



X(z) = {C*\cf )wl A ')) (z) + (C? (C^^J* )w* A ' )) (z). 



Now, 



E A / WS B / 



*(0™- B (|) d£ 



(0 dc 



+ 



e a / \Jt, b , 



(C-C+) 2,ri (£-._) 2th 



^/K) d? ]«^1(0 dc 

(S-C-) 27Ti «-.+ ) 27Ti 



• C M 2 (C)( Stl ) 



^|c(Cl,C2,C3,C3)|lkr(0ll^ 2(c) (E A ,) 



x sup 

Ces A , 



B' 



^Qtg-f^) dc 

(€-0 2m 



+ |c(Ci,C2,C3,Ca)| 



X 10 



E A / 



^M 2 (C)( S A') C ^P 



B' 

^((Cl-C 2 )- 1 |c(Cl,C2,C3,^)|||^'(-)ll^ fn (E A ,) 



m*>+ B (t) dg 

K-0 2,ri 



M 2 (C)^ 



x|k- S '(-)ll^ 2{c) (E fl ,) + (Cl-C2)- 1 |c(Cl,C2,C3,C3) 



X 11^-" ^IIC 2( C)(^)I^+ S (•)II^ I2(C) (E S ,))II^(-)II^ I2(C) (E»), 

since sup (a)GEA , xSs , |(^-C) _1 | < l ~ ( %-%f 3)l i thus, from the bound for IKCOIIr^ (C) (E«) 

given in Lemma 4.4, one arrives at HAY-lIU rs^ ^ 7 'ff 2 ^ 3 ' 1 rll<K-)llz: 2 rsih> 

whence, one deduces the bound for ||C S e a ,C S e s , ||;NYEtt) stated in the Lemma. Proceeding 
analogously as above, but considering, instead, the £^ 2 ^(S") bound on </>(z), one shows 



that 



-M 2 (C)\ 



-M 2 (C) 



M 2 (C)^ 



x|k- fl '(-)ll^ 2(c) (E s ,) + (Cl-C 2 )- 1 |c(Cl,C2,C3,C3)| 



X \\w 



E A , 



L fcl (^)H^ S '(-)ll£i fa (E fl ,))ll^(-)ll£- (a (E») : 



-M 2 (C)V 



-M 2 (C) 



M 2 (C)V 



now, using, for p£ {1,2}, the bounds for | |/; p 



M 2 (C) 



given in Lemma 4.4, one arrives 

^(Ci-C2)- 7 / 4 |c(Ci,c 2 ,C3,^)i(tko+Ci+c 2 |)- 3/4 ll^(0ll£ S2(C)( E»); 



hence, one deduces the bound for \\C^ A , Cj s , || £ ^ (c)( s»H£^^(e»)- 



-M 2 (C)^ 



□ 



Asymptotics of the Defocusing NLSE 



51 



Lemma 5.3. //, for k £ {A,B}, (l£ fc , — C S £ fe , ) 1 G N(£fc/), then, as t — > +oo stic/i i/iai 
0<C2<7g<M<Ci and |C 3 | 2 = 1, raftMel>i and bounded, for (eC \ £ tt ; 

((Ie.-C^)- 1 !)^^) dz /• ((l^-CX)- 1 !)^)^^) dz 



+ o\ 



' c(Cl,C2,C3,C3)/ S8 (C) \ 

(Ci-C 2 ) 2 ko+Ci+C 2 |W ' 



/ S »(C)G^ 2(C) (C\S«). 

Proof. From Proposition 5.3 (with associations N = 2, l^A, and 2^B) and the second 
resolvent identity, one obtains (l s » -X)fce{A,B}C E E fc , )~ l = ^stt+- D sti( 1 stt — E stt )~ 1 E stt , where 
:= l E l+E* 6{ ^C^ (lE fc ,-C5' fe , )"\ and E s8 := E a ^ { W 1 ^)^ ^ (1 V" 
S , ((l E tt-C E ^)- 1 I)(z)w stl ( Z ) 

C E^, with (5 a/ 3 the Kronecker delta; hence, for (gC\S", F := J* st) " S ( z _^) 

dz _ r (fl s tI)(^ s> W dz , r (Cgsj (l s tt -E slt )- 1 E slt )I)(z) W s " (z) d2 R pr „ll that vtt V,,| |V n , 



Since, for k€{A,B}, \\C^ k , | | x(Sfc/) < |c(Ci,C 2 , Cs, Cs)| IK*' 01 lz:^ (c) (E fc ,) < |c(Ci, C2, Ca, Cs)| 



• ( (C1-C2) I -z +Ci+C 2 1 i)" 1/4 ^ I c(Ci , C2 , Cs , Ca) I (Lemma 4.4), and, by assumption, 
€ it follows, from the bounds given in Lemma 5.2 and the second resolvent iden- 

tity, that ||L> E »lk(E«) < |c(Ci, C2, Cs, Cs)| and ||(l s » - E s j) _1 ||>r(E») < |c(Ci, C2, Cs, Cs)|- From 
the second resolvent identity, the definition of E s n, the fact that ||(C £ fc/ I)(")ll£ 2 (C) (Etf) ^ 



|c(Cl,C2,C3,C 3 )|||™MOII^ 2 ^^ 



C2) |-z ; o+Ci+C2|i)~ 1/ ' 4 (Lemma 4.4), /cG{A, £?}, and the Cauchy-Schwarz inequality for integrals, 
one shows that, modulo the term d 2 (C): = sup (2iC)gE tt x c\stt l(«-C) _1 |> ll^^y - ~ IL* (C) (E«) 

< E^W 1 " WII(c^^i)(Oll^ ro (^)II^^OII^ (Q(E .) + E^W 1 - M 
• II^^X 11 ^) 11 ^-^ using the bounds given in 

Lemmae 4.4 and 5.2, one arrives at 1 1 (E st) I) (- )^ stt (•) , , ^ |g(Ci,C2,C3,<3)M.(C) hence 

the definition of D s tt and an application of the second resolvent identity, one shows that, for 

Cec\s», 



*- E X ( ^-^_7^ w ^ + E (-M 
(^(^-c^r^w^w dz + / c( Cl ,c2,c 3 ,c;)4(c) 



s« (2-O 2vri V ( Ci — Ca ) 2 1 -P Ci + C2 1 * 



The latter two integrals are now estimated: applying, again, the second resolvent identity, 
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one shows that, for a//?G {^4, B} and (sC \ S", 



a' 2 ^' a dz 



(C B g' I)(z)«,V( 2 ) 



+ 



((C E g' , (1 E ~C E g' , , )l)(z) W S ' (z) 

w ct _ -■■ n -■■ n 



s» 



(*-C) 



dz 
2?ri 



2?ri 



l(l, 
1,(1 



W^cx' (fl) d[l \ w^P' (z) dz 
(/i-z) 2ni J (z-C) 2m 



2vri I (z-C) 2m 



M 2 (C) ^a' ' ' ' w " ^M 2 (C) ^/3' 



X 



< |c(Cl,C2,C3,C3)|^(C) lL..S„,/ Ml . ||„..E„, 



x||^'(-)ll^ 2(c) (s a ,)H- V (-)ll^ 2(c) (s,,) 



^S^ ii^(-)ii^ (c) (^)ii^ 



+ l£(Cl,C2,C3,C3)Mz(0 || w S a , ( .)||2 



^M 2 (C)( S /3') 
£ M 2 (C)W 



since 



sup^^xs.K/u-z)- 1 ! < |c(Ci,C2,C3,C 3 )|(Ci -C2)- 1 , ||(is a , -c^,)- 1 !!^,) 



c(Ci,C2,C3,Cs)|, and ||(c^,i)(-)||z* fa( E Q ,)^ls(Ci,C2,C3,C3)|||^'(-)ll^ fc . (Ea ,); thus 



-M 2 (C) 



ing the fact that 1 1 5 (-)| \c^ {C) (Y> q ) ^ ll 71 ' (•)ll^ l2(C) (St), qe{a',P'}, pe {1,2}, from the 
bounds given in Lemma 4.4, one arrives at 



M 2 (C)^ 



US- 



/ 

Jstt 



(C-%(l Sa/ -C^ _1 I)(^ E/3 '(*) dz 



(*-C) 



2vri 



|c(Cl,C2,C3,C 3 )|4(C) 

(Ci-C 2 ) 2 ko+Ci+C2|t' 



whence, recalling the expression for i" given earlier in the proof, one obtains, for CgC\ S», 
the result stated in the Lemma. □ 

Proposition 5.4. As t — »■ +00 suc/i i/iaf 0<(2<jj<M<d and \( 3 \ 2 = 1, with M € R>i 
and bounded, the solution of the RHP form^(Q: C \ >SL(2, C) formulated in Lemma 4.3 
has the integral representation 



m»(C) = 1+ 



+ 



s L 

ke{A,B} J ^' 



{^ kl -cy k ,)^i){ Z ) W ^{z) dz 



(z-0 



2vri 



c(Ci,C2,C3,C 3 )O tt (C) 



.(Ci-C2) 2 ko+Ci+C 2 |t / 

where w Sk ' (() = J2ie{±} w f k ' (0> w ^ w ± k ' (0 :=if± tl (C) ts fc/ and u>± B (C) ffwen in Lemma 4.6, 
and O tt (C)G^ 2(c) (C\S A ,US B 0- 
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Proof. From Lemma 5.3 and the (singular) integral representation for the solution of the 
RHP for m s * (C): C \ £* -> SL(2, C) formulated in Lemma 4.6 (cf. Eq. (103)), one shows that, 
as t — > +oo such that < C2 < jj < M < Ci and |( 3 | 2 = 1, with M G R>i and bounded, 

mE Vn-i+r ((lrf_c i rlI)(z) ^ w ^ r ((l£ ^^'"' I>(2)MSt ' (2) * 1 

m IU - 1 + Je» [i=cl 2il - 2^ke{A,B} Js fc , [i=c] 2il + 

( fcf- 'S )^?+Ci +C2 |t ) ' CeC\£«: now, from the RHP for m'(C): C\£'^SL(2,C) formulated in 
Lemma 4.3 and the corresponding integral representation m^(£) = 1+ J s , — ^^rjr~^~ ~ ^> 
C G C \ Proposition 4.4, Corollary 4.1, the definition of (£), k G {^4, -B}, given in the 
Proposition, and the fact that 0( f (C i'5 2 f^ ) + 0( ^ ,. ) = g)( ^ -^ 2 ' C ?'^ ,. ), 

/ G Z>i and arbitrarily large, one arrives at the result stated in the Proposition. □ 
Heretofore, it has been shown that (Lemma 5.3, Proposition 5.2, Corollary 4.1, Defini- 
tion 4.2, Proposition 4.4, and Proposition 4.2) {(l Sfc -C^gJ" 1 G N(L k )}k£{A,B} => {(!g , ~ 

J" 1 G N(E*0}* 6 {A,B} ^ {(1% -Cj%, )~1 G W(E fc 0} fc6{ A,B} (ls» -C^« J" 1 G 
(1-C^)" 1 G ^(E') => (1-C^t)" 1 e N(E'); thus, in order to prove the basic bound ||(1- 

1 S 1 

Cw') \w(T,') < 00 ) one must show that ||(ls fc — C s fc ) _ ||?^(s fc ) < 00, fc G {^4,i?}: this is the 

programme of the following Lemma. 



Remark 5.2. Essentially, Lemma 5.4 (see below) was proved in |2jJ (see Proposition 3.109, 
pp. 340-346); however, it is succinctly reworked here because a very important model RHP 
which arises in it, and which is solved asymptotically in Section 6 and is essential for the proof 
of Lemma 6.1 (see below), is necessary in order to obtain the results stated in Theorem 3.1. 



Lemma 5.4. As t — » +00 such that Q<C,2<jj<M<C,i and \C,^\ 2 = 1, with M G M>i and 
bounded, (ls.-C^J^G^Efc); ke{A,B}. 



Proof. Without loss of generality, the case k = B is considered: the case k = A follows in 
an analogous manner. From the bounds given in Lemma 5.1, it is to be understood (for the 

purposes of this proof) that S^-related quantities encapsulate the 



|c S (Cl)l|g(C2,C3,C3)l Inf 



error 



IC1-C3IVK1-C2) 

terms (since exp(-±7Cf 3 (Ci-C2) 3 |Ci-C3| 2 ^) < 1, 7^(0, |), vb G (—00, e)); therefore, by T, B o- 
related quantities, one denotes the "master", or leading, terms of the E^-related quantities, 

such that, symbolically, !!(£#— related) — (£50— related) || n 



|c J> (Ci)l|g(C2,C3,C3)l lnt 



and associated with the master, or S B o-related, terms, is the master, and normalised at 



00 (m E s° (00) = I) RHP m + B ° (w) 
Figure 5(a)), where 



sec 





U 3 




' Of 






















(c) 





Figure 5: (a) (b) and (c) S e := U' 
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w+ ( } ~ 1 m*»c-^ r(Cl) ., ^ SGE 3 (™>-( o)> ™eE B UE B , 

Define the functions (Proposition 5.2) w± B (w) :=((A b )~ 1 (Mbw± b ')(A b ))(w) and w± B °(w) := 
((A^)- 1 (AA B ^ s0 )(A°j))(w), with defined by Eq. (107) and Proposition 5.1, and Mb de- 
fined by Eq. (105). Recall that C^£ g :=C + (-w I l B )+C^(-wf B ), and set C s | s0 : =C + (.?/ s0 ) + 

C_(-u? + s °). Since - w S, ('S0 = Xwe{±} u 'i 9G{-B,i3 }, it follows from the above expressions 

for u>_j_ s0 ({?), Lemma 5.1, and the linearity of Mb that, as t — > +oo such that < (2 < ^ < 
M < Ci and |C 3 | 2 = 1, with M G M >1 and bounded, \\(w^ -w^bo)^^ ^^^ = 

■ hence, from the linearity of the Cauchy operators, ||C^f s — C S f s0 ||n(s s ) = I |C+(-(u>E s — 

w ^bO)) + C_(- ( w+ B - w+ B °))\\ n x R ) < If&MMgM^ a nd, consequently, via the second 

IC1-C3I v(Ci-C2) v* 

resolvent identity, one deduces that (l Ss -Cjf B0 ) _1 G N"( s b) =>• (ls s - Cjl fl ) -1 G N(S B ). 
Reorient E# as in Figure 5(b), and denote the reoriented contour as Sg^. Define w Si3 ' r ({t7) := 



y'; f: r_i_iU7f JS ' r (w), where w+ s,r (w) = w± 5- ~ "~ f ,r " f ,r ' and consider the oper 



(55), wGE| US* 



ator C S s s r r := C + (-w Ss ' r ) + C_ (-it7^ s ' r ) (= C S f s0 ), where the Cauchy operators are now 



taken with respect to the oriented contour Sg )r ; hence, from the second resolvent identity, 
(Ieb r " C^,) -1 G >r(E B) r) (1e b " C %, y 1 e N(S B ). Extend E B , r - S e := E B , r U M, 



I tu ixv ) w5 G E CZ E 
with the orientation in Figure 5(c), and set w± e (w) := < ^ ' _ ,r e ' Define 

[(88). wGS e \s B)r . 

C S E e :=C + (-u> Se ) + C_(-?i?+ e ), with the Cauchy operators now taken with respect to the ori- 



ented contour E e ; hence, via the second resolvent identity, it follows that (ls e — C 
N(E e )^(l Ss , r 
valued function 



N(E e ) (ls s r — C S E s r r ) 1 G N(Eb jT .). Define the following piecewise-analytic 2x2 matrix- 



where 



(w)- W 3«f(w), wenf, 
(w):={ {wy^vKw), w€Ql, 

{{w)-^{vl{w))-\ w€Q%, 



v \[w) = (^)-d( CT3 ) exp( _ i ^ ad(fj3))(I + r(Ci) 
^(^) = (^) irad(CT3) exp(-i^ 2 ad(a 3 ))(I-r(Ci)cT_), 



^(^) = (^) i - d ^)exp(-^ 2 ad(a 3 ))(I+ (i :^ i ) )|2) a + ), 
^ ( ^ = (^(.3) exp( _i~2 ad(a3))(I _ (i _KC0 
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with 



vf(w)-I_ = o(l), v%(w)-I_= o(l), vl(w)-l^= o(l), v%(w)-l„= 0(1) 



For iGS e , set V e ^(w) :=4>_ B ° (w)(l-w^ e (w))-\l+wl e (w))(4>^ B0 (w))~\ where 4>± B °(w*):= 
lim -/ _> - s s° (w') denote the non-tangential limits of s -b° (fij) as {jj approaches E e from 

w' e isideof E e 

the "±" sides, respectively. From the definition of w± e (w) given above, for w£T,s,r (c S e ), 

V e ^({?)=I, and, for wGS e \S Bjr (=R), V e '^(u5) = ^ s ° (u5)(<^+ s ° (uJ)) -1 ; hence, from the defi- 
nition of0 s so ({(J) and the formulae for fee {1, 2, 3,4}, given above, taking the principal 

„ ~ (e _ 3' 5 ' 2ad ^ 3 V(Ci), 

branch of the logarithm for w < 0, one shows that V e, ^(u>) : 



e-> 2ad ^V(d), -w€] 



where F(Ci) := ( with det(F(Ci)) = 1 and tr(F(Ci)) = 2- |r(Ci)| 2 > (since 

IIKOII-C^QR) < Hence, the jump matrix, V e ^(w), is characterised as follows: V e ^(w) = 

fl, W^TiBr, , i ~2 

| e -i^ad(. 3 )(i-|,(C ; )l 2 -*5J) j ^ GSe \s Bir . OnR, one has that ^(ffi) = (I-r(Ci)e- 3 « 

• <r + )(I + r(Ci)e^V) := (I- ^(^))- 1 (I + ^f (#))■ Let C% :=C + (-w e _l+) + C-(-w e /) be 
the associated operator on S e , with ty e '^(u;) := Xl/e{±} u; / 6 '^(^)' an< ^ the orientation is that 
of S e : the boundedness of ||(ls e — C S £ e ) _1 ||;N"(E e ) follows from the boundedness of ||(lE e pR — 
C^f^Wn^m, that is, (l EerR -V:^ R )- 1 G^(S e fM)^(l Ee -C5j- 1 G^(S e ), where 
C^e.l^R- ^m 2 (C)^) — * , ^M 2 (C)^) * s ^ ne °P er ator associated with the restriction of w e, ^(w) 
to R. Now, ||C^ e e ^ R rR ||^( M ) ^ maxi^j^ sup^gjj \w e _^(w) + w e l 4> (w)\ < sup ffieM |e~^ 2 r(Ci)| 

i ~2 

(=sup {i6R \e2 w r(Ci)|) < lk(-)ll/: oo (R) < 1; hence, by the second resolvent identity, 1 1 (ls e piR — 

c^)- 1 !!^^ (lEe-cJsJ-^Se): 

this completes the proof. □ 



6 Asymptotic Solution of the Model RHP 

In this section the 0(1) asymptotics of ^ (() :=((1 S 8-C S ^) _1 I)(C) (Eq. (103)), having an 
explicit representation in terms of parabolic cylinder functions, is obtained, and the RHP for 
m c (C) formulated in Lemma 2.6 is solved asymptotically, whence, the leading-order asymp- 
totics of u(x, t) and related integrals are derived. 



Lemma 6.1. Let e be an arbitrarily fixed, sufficiently small positive real number, and, for 
Ae{C2, Ci}; set U(A;e):={z; \z-\\ <e}. Then, as t^+oo such that 0<( 2 <jj<M<( 1 and 
|£3| 2 = 1, with M £ R>i and bounded, for £ G C \ U^ e {C2,Ci}^(^' e )> mC (C) has the following 
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m^O -hi- c^Mtm | ^(Ci.CCs) \ In* 



Vc 2 (^ 2 +32)(c-ci) vci(^ 2 +32) (c-c 2 ) y (Ci-c 2 )* y 

c rn = fZZZ f A MCOCf KCl) / Cie^g^Wj C2e i(e + ( Zo ,t) +f )^ 
mi21 J *(C) 1,V*(C^)(^+32)V4^ (C-Ci) 




VC 2 (^ 2 +32) (C-Ci) VCi(^o 2 +32) (C-C2W (C1-C2)* 



m 2llU — I 77T7 .w o. ™m ^ 1 /A A A h 



e 2 



V*(Ci-C 2 ) (^+32)V4 I (c-Ci) (C-C2) 



]C ^(6)^2,(3^3) + ^(C 2 )c(Ci,C3,C 3 ) \ In* 



Vc 2 ^ 2 +32) (c-ci) vci(^ 2 +32) (c-C2)y(Ci-c 2 )t 



m^Q= Ul+Q ff f(Ci)g(C2,C3,C3) , ^(C 2 )c( Cl ,C3,C3) \ In* 



^(01 VVVC2(^ 2 + 32) (C-Ci) VCi(^o 2 +32) (C-C2) 7 (C1-C2)* 



where 5(() is given in Proposition 4.1, f(z), + (z o ,i), Sl + (z), and {Ci}i=i are defined in 
Theorem 3.1, (12)-(14), (16), and (17), sup (eCNUA€{Cai(i}U(A;e) |(C-Cfc) _1 | < M c , mtt 

M c sR+ ('and bounded), /cG{l,2}, m c (()=crim c 

(C)<ri, and (m c (0)a 2 ) 2 = I. 



Proof. From Lemma 5.3, the fact that w± k ' (() := wf(()\z k ,, k £ {A, B}, := 
J2ke{A B}^^, > an< i Lemma 4.6, one shows that, as t — > +00 such that 0<C2<7g<M<Ci 
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and | C3 1 2 = 1 , with MeK M and bounded, for (eC\^ A > U%, 

s8 _ / /•- 11 ' • f &+0+cf \ ^ 2 B '(g)^)(^(0)- 2 e 2i ^«) de 

11 (0 " ' ' ^ " / fl+ ooe* (TO M 



37ri 



/ (2 +o+ c -* 4 + o-c¥ J ' K-C) 2vri 

"' 12 I ' ■ - f / - I (£Z£) 2^i 

^'(^(OWO) 2 ^ 2 ^ E , 

(f=0 ^ 12 (C) ' 



mi (0=1+ 




™ 21 ' ' - + Ut j (F0 ^ 

(F0 2^i + ^ (C) ' 



C 2 +0+eT 



(e-0 2vri 
(F0 2^i + t22 (Cj ' 



where /i Si (C) := ((ls ( — C w e ; ) 1 I)(C)> ' £ £ is an arbitrarily fixed, sufficiently small 

positive real number, and gg' (C) := O ^ (f^I^f | t ) ' with I l/i? (01 l/:-(C\s A ,u£ s ,) < °°- 

In order to proceed, explicit expressions for the 0(1) asymptotics of fi? k '((), k G {^4, f?}, 
are needed: without loss of generality, fJp B '(C), associated with £1, is considered in detail (an 
analogous argument applies for ppA' (£), associated with Prom the proof of Lemma 5.4, in- 
troduce the 2x2 matrix-valued function P s s° (w) :=m E s° (£;)(^> s bo (u;)) -1 exp(— ^w 2 as), w G 

C\E e , and note that, for 5eS B (=E e \R), V^ B ° (w)=V^ B ° (w), and, for SgR (=E e \E B ), 
oriented from -00 to +00, V+ B ° (w)=V^ B ° (w)V(d), where V(&) := ( 1- ^j )|a , with 

(cf. the asymptotics for vf,(w), k G {1, 2, 3, 4}, given in the proof of Lemma 5.4) asymptotics 
V^bo{w) = ^ (I_i m fso +0( J 7))( ~ ) w 3exp (_i^2 CT3)) and pS B o(^) = CTl pS B o(^) ai; 

hence, P s s°(u;) is analytic (and bounded) Vw;eC\R, and solves the latter RHP on R. Since 

det(P s s°(^)) is an analytic and bounded C-valued function, it is, by Liouville's Theorem, 

a constant: in this case, since det(l/(Ci)) = l, det(P s s°(w)) = l. By (partial) differentiation, 

it follows that a^P+ s °({?) = d a V^ B °(w)V(C 1 ), w£R; hence, d-D^so (^)(£>£ B o has 

no jumps across R, and is an entire function of w. Recalling the definition of P s s°({(;) given 

above, and its asymptotics, one shows that (9^P s s° {w)+^wa^D T 'B0 (^))(D s so {w))" 1 = a-,oo 

u>ec\R 

— ^[a3,m 1 B °]+0(w~ 1 ): applying, now, a generalisation of Liouville's Theorem to the left- 
hand side of the latter asymptotics, one arrives at the following (linear) matrix ODE for 
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where := — |[(X3,m^ s0 ] = P 2 B ° °- + /^f/ °"+ > whence, since (mf s °)i 2 = (m.f s °) 2 i, 

/3 12 B ° = /?2i s ° • The method of solution for such matrix ODEs is well known (see, for ex- 
ample, (f| ^7], |47|): following |^7j (see Section 4, pp. 350-353), and recalling that V + B ° (w) = 
p^so r~\ ( l-|r(COI -KCi) ) {jjgR one shows that the solution of the above matrix ODE for 
V^bo(w) i s (if4 W eC±) 

(2?J fl0 («;))i 1 = e-^D ll/ (e-¥fiO, (P+ s ° (^)) 22 =e^D_ i; ,(e-x^), 

(p+ s V))i2 = o^r ^ ^ 

(P+ s ^^)) 21 = (/3f/ , )~ 1 e-^(^D i ,(e-¥^) + ^ Di ,(e-¥^)), 



p Ss ° («J))i2 = {£f )~ V 3 ^ (3 ffi D_fa,(eTt2) 4iD_ 11/ (eTi)), 
(P Ss0 (£0)2i = (Pn B ° y l e^ (d a B iv (e%w) + iwT>i„0 w)), 



where D*(-) is the parabolic cylinder function |40[|, and Pi 2 B ° =021° = (^W^T" ' us ^ n § * ne 
identity Q |r(i^)| 2 = , and recalling that i/ := i/(d) = ln(l- |r(Ci)| 2 ) (>0), one 

deduces that | /3 12 s ° | 2 = | /3 21 s ° | 2 = v. From the latter expressions, one obtains explicit formulae 
for m± B °{w) (= V± B °(ti)e^ 2a3 <l)± B0 (w)). Letting, for k = A, rrpA»(w) an d </> s ao(^) be 
the analogues of mPso ({y) and ij!> s bo (^) j a nd carrying through with an analysis analogous 
to that presented in the proof of Lemma 5.4 and above, one shows that, for Z> s a°(u;) — 
m s AO(^)(^o(^))-i exp (i^2 cj3): v+ A °(w) = V^ A \w)^-^ 2 ""p), w E R, with 

asymptotics P e ao(^) = (I _ imf^ + 0( i ))(_ {^-^ exp ( i 5^3), and P E ^o(^) = 

SGC\K 4 

£7iP S A0(^) ai; a nd (2) 



where := ^[03, m l A °] = /3 21 a °ct_ + /3 12 a °ct + , whence, since (m 1 A °)i 2 = (m 1 A ° ) 2 i, /3 12 
/3 21 A °, with solution given by (i<->wGC±) 

(2?^°(fi0)ii = e-^D_u,(e-TiiJ), (w)) 22 =eTD u ,( e - 3 i i «0 > 

(^(^H/^Ve^A 
(P^V^iH/f/V'e"^^ 

(P^° (w)) u =e I fn. il/ (e 3 ^w), (w)) 22 = e-^D iiy (eT^), 



(^^^))i 2 = (/5 2 S 1 A °)- 1 e-^^D i ,(eX^) + i^D i! ,(eT^)), 
(u?))2i = (Pf 2 A ° (S«iD-iv(e^ ffi) - ^D_ iy (e¥ fi;)), 

where /3 12 A ° = /? 2 A ° = and |/3 12 A °| 2 = |/? 21 A °| 2 = 1/. From the latter results, one 

obtains explicit formulae for m^ A ° (w) (= D± A °(w)e~4 w CT3 c/>^ A ° (to)). Thus, from the above 
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analysis and the proof of Lemma 5.4, one collects the following leading-order asymptotic 
results (as t — > +00 such that 0<(2<jj<M<(\ and IC3I 2 = 1, with M G E>i and bounded) 

for //V(-), k£{A,B}: (1) ^'(™) : =((l SB ,-C);j- 1 I)(i)=m^(i)(I+^ (, (i))- 1 (l + 
o(l))=vl B ° [w)^ 2 ^^ 30 {w^l+w^ {w)y l {l+o{\)) =n? B ° (w){I-wt B ° {w))~ l {l+o{l)) = 
V^ B °(w)e^ 2as (/l B0 (w)(l-nP B0 (^))- 1 (I+o(l)), w^ B ; and (2) ^a> (fij) := ((ljj^-C^, ) _1 
•I)(w) = m+ A ° (^)(IH^+ A ° (^))- 1 (l-K?(l)) = ^+ A ° (^)e-^ 2CT3 0j A ° (55)(I+u;+ a0 (5j))- 1 (H^( 1 )) = 

m^°(w)(I-^ A ° (^))- 1 (l+o(l))=^ A ° (w)e-^ 2a3 (tl. A0 (w)(l-w^ A ° (w^Q+oil)), w^ A - 
In fact, using the method of successive approximations and proceeding as in Section 2 of p8| 
(see, also, Section 3 of |j49"|| , and the proof of Lemma 4.1 in (5(J), one can expand /jP k '(w), 
k £ {A, B}, into Neumann-type series, and improve the o(l) estimate to 0(n^(w) 1 ^), 

with I \n 1 \ (-)l \ C 2 / s ■) <oo; however, the o(l) estimates are sufficient for the purposes of 

1 M2 (C) > fe ' 

obtaining the leading order asymptotics of this proof. Since the evaluation of the integrals 
appearing in the formulae for mfj (C), i,j£{l,2}, are analogous, consider, say, and without 
loss of generality, the following integral (appearing in the expression for mf^iC))'- 

jE» . = f^ +0+ ^ /iff , (0^(0(^(0) 2 exp(-2itg"(Q) de 

Ai+ooe-^ (f-C) 2 7ri' 

Making the change of variable (Eqs. (105) and (106)) £ = Ci + £b(w), where sb{w) := x w ^ i 

with A^b= (^ 2 ^7 ~ ) ^ IC1-C3I ^ gating /^'((i+^b^)) :=/in B '(w), and recalling the action 

oi Mb given in Proposition 5.1, namely, (A/s^e -21 " 9 "))^) = (<5^) 2 (<5]j(u>)) 2 , with 5^ and 
6 B (w) defined in Proposition 5.1, 



I s " 



^n fl '(Ci+£B(^))^(Ci+^(^))(5(Ci+eB(^))) 2 e- 2i ^^ +£fl ^) de fl (u;) 



oe"^ (&+£b(w)-() 2vri 

°° e "* /in B/ (^)^(Ci+gB(w))(^(Ci+gi?(^))) 2 e- 2ife "^ +£a ^) de B (w) 
0+ ((C-Ci)-eb(w)) 2vri 

1 A" 06 "* ^r(^)7e(Ci+£ B (^))(AA B (5 2 e- 2i ' e "))(^) d^(zU) 



(C-Ci)7o+ (l-eBCfiOCC-Cl)- 1 ) 2vri 

1 /-^ ^'(^)^(Ci+£b(^))(^) 2 (^(^)) 2 de B (5;) 



(C-Ci)V (l-eB^CC-Ci)" 1 ) 2^i 

(5 o )2 ,«*,-* ^B' (fi j)(5i (i5))2^(Ci+efl(5;)) de B (w) 



(C-Ci)7o+ (l-es^^-Ci)- 1 ) 2vri 

Recalling from Lemma 5.1 that 

(^)) 2 ^(Ci+ g B(^)) = (w)*" exp(-if )K((+)+0 ( gggffg ffi exp(-i^)) , 



with T^(Ci^) :=urn -SR(C)j.Ci"^'(0 = r (Ci)j an d 7^(0, |), and noting the exponential decay of the 
factors e~2 w2 and e~~^ w2 along the (unbounded) ray + to ooe - ^, one expands the factor 
1/(1 — £b(u>)(£ — Ci) _1 ) i n a geometric progression and, recalling that sb{w) = x w ^- t -, using 
the following rules from asymptotic analysis, 0(*i)o(*2) = °(*i*2) an d C(*)+o(*) = 0(*), 
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along with the fact that, for e some arbitrarily fixed, sufficiently small positive real number, 
£ e lnt>l, one arrives at the following (limiting) result: 



I = - = / u,t (w)[w) expi — dw 

(_i7T 
^(Ci)c(c a ,c»,<3)(^) a inM /■ ( ~ } exp( _n|! ) d ^ 

Recalling the formula for ^ s s'(w) given heretofore in the proof, using the definition of 
(fpB® given in the proof of Lemma 5.4, and noting that w^ B ° (w) is nilpotent, with degree of 
nilpotency 2, one deduces that /j^f (w) = (D^ s ° (w))iie^ w2 (w)~ lu = e^Di u (e^ w)e^ w2 (w)~ lu : 
making one more change of variable, namely, z = e~w, one arrives at 

E , = ^)(^) 2 e^e-f p BUz)zi , e -4 dz+(D ( <j(mt^m m , 

27ri(C-Ci)X B Vi Jo \(C-Cx)\Cx-<3\^/(A^b)XB 1 7 J 



where 

f +°° 

if := / D i ,(z)z--exp(i(i- 7 )z 2 )dz. 
JO 

Recall from the proof of Lemma 5.1 that < v := z^(Ci) ^ v m := — J- ln(l — sup 2gK |r(z)| 2 ): let 
v\n be an arbitrarily fixed, sufficiently large positive real number with v\n"?>>v m (in particular, 
choose i»\/2). Set 

D i ,(z)z- il 'exp(i(i-7)z 2 )dz: = ^ + l2+l3. 




1. Z 2 \ V2^Z T^fl-iv 3. Z*\\ ,„V,o-ro T?(r, h- V^OO (<l) n X 



, |; where F(a, 6; x) :=^^=o (6) n! * s ^ e connuen t hyper geometric 



2> 2 / r(— — ) ^ 2 ' 2' 2 //' Wlicic - 1 - l u > •— Z^n=0 (SJ 



Via a change-of-variable argument and the fact that, for (z, 7) G [0, f m ) x (0, i), e 2 z2 ^ 1, one 

2 2 

deduces that |I^| sup^Q |D; l/ (t' m x)| J Q dx<co. For zG [u m , Vm), one uses the fol- 

rf— If / 

lowing representation for the parabolic cylinder function [4C], D^z) = 2~e~~( rl i-\ v r F(— ^, 

=0 jl)"n! * s t ne confluent hype 
function, and (★)„ :=*(*+ 1) • • • (*+n— 1) = r ^"^ is the Pochhammer symbol; hence, I 2 = 

f(T^y2^n=o ( i )nn! J^ m z ^ e 2 az r( _^ 2^ n=0 ( | )nn! J„ m « « e a«. 

Recall that e* = ^^L ^7, where the convergence of the series is absolute and uniform for * in 
compact subsets of M.: using the series expansion for e* and integrating term-by-term, noting 
that, V(m,n)GZ^ x Z^ , ((2(n + m) + s) 2 + ^ 2 )- 1 / 2 < (1 + t/ 2 )" 1 / 2 , sG{l,2}, and using the 

identities M |r(^)| = A / m h( " m and l r ("T)l = J u,J^/2V and the functional relation 



2 /I y cosh(7rz//2) <allu l x V 2/1 Y fsinh{wu/2) ' 

r(l + x) =xr(x), via the well-known result r(l/2) = ^/tt and a majorisation argument, one 
shows that 



E E(^(»-f)i+»ir(»+l-¥)i)S^- 

se{u m ,uL} n=0 



From the above gamma function identities and repeated application of the functional relation 

Vffil < (("-i) 2 +(f) 2 ) t 2"+^ and |r(n+i--f 

"(n+i) ^ (2n-l)!! v /j/ainh(7ri//2) r(n+i) 



r / u > r / n , 4.1, + p ^H7 |r(n-^)| ((n-l) 2 + (f) 2 )f2"+3 |r(n+i-f )| 

r(l+x) =xT(x), one shows that, for neZ>i, -^7 — < , 2 = = and — —. 2 rf ^ 

V ; W ' ' ^' T(n+i ^ (2n-l)!!,/i/sinh tt^/2 f n+i ^ 
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((n— -) 2 + (-) 2 )?2™ 

- — , 2 , where (2n— l)!! = (2n— 1) • • • 3 • 1: using the latter inequalities, one arrives 

(2n-l)!!^/cosh(7nV2) \ J \ J 6 

at 



t 2| ^ ^/ ^y 11^ ((»-i) 2 +(f ) 2 )" /2 ^ 2 " \ „„ 7 s 2 /2 



n!(2n-l)!! 

oo 



se ' 



^inh(W2) V 1|V ((n-i) 2 + (§) 2 )"/V" 2 2 /2 

1+I7 3 I n!(2n-l)!! |6e 



n=l 



A straightforward application of the Ratio Test shows that the latter two (infinite) series 
converge absolutely (hence converge); thus, |I^|<oo. For zE[vm, +00), with largz^-^, one 
uses the following asymptotic expansion for D^z) |5| ]: 



N 

r T2JV+1, 



2 z e I 2^ (2n)!b 2 ™ + U l (27V+2)!!^+2 I > 



argz|<2f 



3vr \ n =0 



where iV € N, (2n)H = (2n) • • • 4 • 2, and Ilfc=o(^ — ^) := 1- With this asymptotic repre- 
sentation for D^(z), one presents I?, as I? = 12 + 1*' where I? := f~tt°° e - ^ 2 dz, and 1^ := 

I'll 1 V m 1 

H-OO W JV (-l)"n^(i^-fc) pf Sl^V-fc) ' ^ Hy W - fp f +c» | 2 2 r+0 o i2 2 

e 2 IL n =i (2n)!!^ 2 « + u ^(2^+2)11^+2 I I d£. Write e 2 dz-j Q e 2 

• dz-J^ m e-2 z dz. Recalling that T(l/2) = yjir, via a change-of- variable argument, one 

shows that Jo + °° e ~^ 2 dz = l 71 "/^) 1 ^ 2 - Recalling that e* = Z^^Lo^T> one integrates (the 
second integral) term-by-term and, using the fact that, for n S %^o, (2re + l) _1 ^ 1 and 

2~ n ^ 1, via a change-of- variable and majorisation argument, one shows that | J^" 1 e~? z dz\ ^ 

yle 7 '"" 1 ' 2 ; hence, |I^| ^ (vr/27) 1 / 2 + vie 7 '"™' 2 < 00 (one can also use the fact that the 
second integral has an explicit representation in terms of the incomplete gamma function 
fiof l to obtain a similar estimate). Via a change-of- variable argument, one arrives at 1^ ~ 

En^i { ~ l)n{Yl MS~ k)yr i"hT^) 2 x~ (n+1/2) e-* dx: using the following definite integral 
© fu°° X ~ U ' e ~ X dx = U ~ U ' ' /2 e~ u/2 W _^ (u), u>0, where W Zl , Z2 (z) is the Whittaker 
function, W ZuZ2 (z) := -f^L_ e -^ z y^Y{z 2 - z x + ±, 2z 2 + l; z)+ J^-re^/^Vs^ 

•F(— 2:2— £1+5, —2^2+1; -2), and the gamma function identity |4(]] r(|— re) = ^n-i)^ ' 
one shows, upon noting the identity (2n)!!(2n — l)!! = (2re)!, that 

|t3| ^ /f 2"n 2 fc "o 1 (^ 2 +fc 2 )^ (7(^) 2 ) m . fxV^f 7° I^" p V+fc 2 )? 

1 fl x 2 IZ-> (2n)!(^i)2« I 2™|r(m-n+|)| v 2 7 ^ (2^1 

\n=l / m=0 n=l 

, /o / ^^n^r^+fc 2 )^ v (7(^) 2 ) m i T^n^o^^+fc 2 )^ 

^ I (2^+2)1(402^ Z^ 2"[r(m-iV+i)| (2AT+2)! I • 

\ m=0 / 

Recalling that yi>v'2 and 7G (0, ^), a straightforward application of the Ratio Test shows 
that the respective series above are absolutely convergent (hence convergent); thus, via the 

inequality |*i*2| ^ |*i 1 1*2 \, one deduces that |I^|<oo. Collecting the above-derived estimates, 
one arrives at 1^* =ELi l j ^dCi, (2, (3, (3) (=C(1)); hence, 

I^- W^-^ f °° D - (zW»e-4 dz + 



c S (Ci)c((2,( 3 ,(3KS° B ) 2 l n t 

(C-Ci)ICi-C3lV(Ci-C2) at b * 
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Proceeding as above for the remaining integrals for mfj ((), i, j G {1, 2}, given at the beginning 
of the proof, letting e — > +oo in the limits of integration, and neglecting exponentially 
small terms (cf. Remark 4.4), one arrives at 

mg (C) = 1 - r(Cl)( ^ } ; 2 ;r^ r (e- f ^D-i, (z) - |ef zD_- w (z) )z^e~ 4 dz 

27ri(C-Ci)/3 2 i XbVI Jo 
27ri(C-Ci)/3 21 s °cT-A'BV / t Jo 
2^i(C-C2)/3 21 A °A' A v / I 7 

+ ^-ir(coP)-^)-;(-i^-» p (ef (z)+ f z j> Uz)) j» e -4 dz 

+ (( c S (Ci)£(C2,C3,^)(^)- 2 cg(C 2 )c(Ci,C3,^)(^)- 2 \ lnA 

VV (C-Ci)ICi-C 3 | V(Ci-C 2 ) x B (C-C2)IC2-C3lv / (Ci-C2) *a J 

V 2 ^(C-Cl)A- S V* 2ni((-( 1 )e-2- X B Vt J J 



+ \ v 2.i(C-C2)(-l) i ^ A ^ 2.i( C -C2)e^(-l)i^ Av ^ io "- B 'W Z 
, C (Y ^(d)c(C 2 ,C3,C3")(«5^) 2 C 5 (C2)c(Ci,C3,C3")(n) 2 ^ InA 

V V (C— Ci ) I Ci — Ca I V (Ci — Ca ) x B (C-f2)IC2-C3l v / (Ci-C2) * A J t J 



t J ' 

3-iri \ />+00 2 



1 2Tn((-( 1 )X B Vt 27ri(C-Ci)cT-A' s v / t ' 







, c (Y ^(G)c(c 2 ,C3,C3")(^)- 2 C 5 (C 2 )c(Ci,C3,C3")(n)~ 2 A inA 

VV (c-coici-csi V(Ci-c 2 ) x B (c-f2)iC2-C3i v / (Ci-C2) * A y *y' 

mg(C) = l+ r(Cl)fe) S 6 "' / (eTa 2 D i ,(z) + ie-x, Dii ,(.))^e- 2 rdz 



27ri(C-Ci)/3 1 J ; s0 c^A'BV^ 7o 



12 

+ / +00 (e¥a 2 D_(z)-ie-¥ zD _ i .(,)),-e-#dz 

2 7 ri(C-C 2 )/3 1 /°(-l)-A' A v / t Jo 

27ri(C-C 2 )/3 1 /°c^(-l)-A' A v / I 7 
hC ,/Y ^(Ci)g(<2,<3,fr)(a° B ) 2 | cg(C 2 )c«i,< 3 ,&)(^ ) 2 W 



/ {e-^d z -D iu (z) + ^z-D iu {z))z iu e-^ dz 
Jo 



i (C-Ci)ICi-C3lV(Ci-C2) x B (C-C2)|C2-C3| v / (Ci-C2) x a J 1 
where 5° A and 5% are defined in Proposition 5.1, 

X(Cl):= i j- ln l^-Cil dln (l-|K^)| 2 ) + ^^ Cl ln|^-Ci|dln(l-|r( M )| 2 ), 



x(C2):=-x(Ci) + ^l_ ln| M |dln(l-|r(/,)| 2 ) + ^-^ ' In | M |d ln(l- |r( M )| 2 ), 



7Ttv 17T \" \- , ITy 17T 



o^bO _ o^sO _ V27rc ~2~e^ R A° — ft AO _ V 27r c ~2~ c 

P12 -P21 - r(Cl) fM ' ^12 -P21 ~ TuTjrM 
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From the above expressions for Xb and Xa, one notes that the terms | Ci — C3 1 Ci~ 1 an d IC2 — 
C3 1 1 must be calculated: using the expressions for {Ci}f=i defined in Theorem 3.1, Eqs. (16) 
and (17), along with the fact that C1C2 = C3C3 = 1; one shows that \Ck~ C3IC 1 = (2Cfc) _1//2 (^o + 
32) 1 / 4 , fee {1, 2}. Finally, assembling the above formulae, using the identities d z T) Zl (z) = 
i(ziD zl _i(z)-D zl+ i(z)), z'D Zl (z)='D Zl+1 (z) + z 1 'D zl ^ 1 (z), and |r(iz^)| 2 = usin l [7Tu) , and the 
integral 



+00 



exp(-i(zi + z 2 ) ln2)r(z 2 ) 



r(2(zi+z 2 )+2, 



one obtains, upon using (repeatedly) the relation |r(^i)||r(ii/)|z^e 2 =^J2ttv, and the fact that, 
forC€(C\U Ae{C2 , Cl} U(A; £ ))n(^ 

arbitrarily large leZ^i, | |0(-)l l£^ 2(C) (C\u Ae{C2iCl} U(A ;£ )) < 00, and 5(C) given in Proposition 4.1, 
the result stated in the Lemma; furthermore, one shows that the symmetry reduction m c (£) = 
<7im c (C) o"i is satisfied, and verifies that, to 0(t _1 lnt), (m c (0)o"2) 2 = I. □ 

Proposition 6.1. As t — > +00 swc/t t/iaf 0<( 2 <jg<M<d IC3I 2 = 1> M G M>i 
and bounded, 



21^(0) cos(e+(W) + f ) -// c 5 (Ci)c(C2,C3,C3) 1 c 5 (C2)£(Ci,C3,C3)A lnt 



lAoj11 " 7*(C^)(^+32)V4 + ^ VCife 2 +32) + VC2(^+32) )W=5TtJ> 

U/-..M2 



\n(l-\r{p)\ 2 ) dfi , ln(l-|r(/x)| 2 ) d/z" 
C2 M 27r , 



1 , g (( C S (Cl)c(C2,C3,C3) + g 5 (C2)c(Cl,C3,C3)^ 1** 



rA ^ r pyti i f T Ml-kMI 2 ) d/x ln(l-|r(^)| 2 ) d/x 

l,A. j2i=iexpl 1 1 / — + 



/X 2-7T /i 27T 

\ , g ^ C- S (Cl)c(C2,C3,C3) + C- S (C 2 )c(Cl,C3,C3)^ lnt 



TCiM+32) VC2(^+32) J(ti-&)tJJ' 

(A ) zz - 2i%/ ^ cos(e+(2; °' t)+ ^ ) \-o(( ^fMM^Sl 1 c5 (C2)c(Ci,C3,C3") A int 



VHC1-C2) (22+32)V4 ^ ^cTR+32) v / C2(^+32) y (Ci-Ca)i 

where v(z) and Q + (z a ,t) are given in Theorem 3.1, i?gs. (12)-(14). 

Proof. One recalls from Lemma 2.6 that (x,t dependences suppressed) A o m c (0) = o" 2 : 
one deduces from this that (A )n = im 2 i(0), (A )i 2 = — imf^O), (A ) 2 i = im^O), and 
(A G )22 = — imj 2 (0). Using the formulae for m?-(C), j€{l,2}, given in Lemma 6.1, and the 

fact that, via an integration by parts argument, <5(0)d exp(— — = 1, one obtains 

the result stated in the Proposition; furthermore, one also verifies that, to 0(t~ l lnt), A Q has 
the order 2 matrix involutive structure stated in Lemma 2.6, and det(A D ) = — 1. □ 

Lemma 6.2. As t ^ +00 such that < C2 < jj < M < (i and \( 3 \ 2 = 1, with M 6 
R>i and bounded, u(x,t), the solution of the Cauchy problem for the DjNLSE, has the 
asymptotics stated in Theorem 3.1, Eqs. (9), (10), (12), (13), (14), (16), and (17), and 
f± 00 (\ u (£i ^)| 2 — 1) d£ have the asymptotics stated in Theorem 3.1, Eqs. (25) and (26), with 
+ (z) (respectively 6~{z)) defined in Theorem 3.1, Eq. (10) (respectively Eq. (11)). 

Proof. From the proof of Lemma 2.4, one recalls that (x, t dependences suppressed) 

1 (K^)| 2 -l)d£ -iu(x,t) \ „ 

m(c) = c «r« I+ ^v ^ -i/^d^i 2 -!)^ J ) ; 111 p articular ' and with - 

out loss of generality, the £ — » 00 asymptotics are taken in the domain Qi U O2 C C \ R 
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(Figure 3). One recalls the ordered factorisation for m{Q) given in Lemma 2.6, Eq. (7), 
namely, m(Q = (I+A £ -1 )m c (C), with m c (C,) (respectively A G ) given in Lemma 6.1 (respec- 
tively Proposition 6.1). From the £ ^ oo, (6fiiUf!2, asymptotics of m(() and its ordered 
factorisation (both given above), one arrives at (and the complex conjugates of) — iu(x,t) = 

hm c^oo (CM0-I))i2 = (A o )i2 + Iim c^oo (C(™ C (C) -I))i2 and i /^(K^, t)| 2 - 1) d£ = 

Cen 1 un 2 ce«iur2 2 

lim c^oo (C(m(Q— I))n = (A )n+lim c^°° (C(m c (C)— I)) n: using the expressions for m? (C) 

and (A )ij, i,j G {1,2}, given in Lemma 6.1 and Proposition 6.1, respectively, the asymp- 

totics (5(0)="= l±i(/ oo ln(l-|r(^)| 2 )^+4Mn(l-|r(^)| 2 )^)c- 1 + O(r 2 ), and 

the trace identity (cf. Corollary 2.4) t)| 2 - 1) d£ = - /+~ ln(l - |r(^)| 2 ) gf, one 

obtains the result stated in the Lemma. □ 



7 Asymptotics as t^—oc 

In this section, as t^— oo and x^+oo such that z Q :=x/t<—2, the RHP for m c (C) on u c 
formulated in Lemma 2.6 is discussed succinctly, and the asymptotics of u(x, t) and related 
integrals are obtained. As the calculations subsumed in this section are analogous to those 
presented in Sections 4-6, only final results, with in one instance a sketch of a proof, are 
given. 

As t — ► — oo and x — > +oo such that z Q < —2, one begins by decomposing the complex 
plane of the spectral parameter £ according to the signature of 3?(ii# u (£)) (see Figure 6), 
where, from Eq. (8), 6 U (() = KC-JX^o+C+J), with {d}j =1 defined in Theorem 3.1, Eqs. (16) 
and (17), < C2 < Ci> IC3I 2 = 1> and ± <-> $l( K it6 u (()) ^ 0. One now reorients <r c , oriented from 









+ i 
* — 


* — 


+ 


complex 
C-plane 

















+ 


• C3 






+ i 







Figure 6: Signature graph of $l(it9 u (Q) as 

— 00 to +00, according to, and consistent with, the signature graph of $l(it9 u (()), leading to 
the reoriented contour cr" (see Figure 7). Denoting m c (Q) on o" c by M C (C), one shows that 

complex 
C-plane 

* Z * ti " 

Figure 7: Reoriented contour c" 
(recalling Lemma 2.6) M C (C) : C\cr"^SL(2, C) solves the following (normalised at 00) RHP: 
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(1) M C (C) is piecewise holomorphic V(gC \ a"; (2) M c ±(() := lim c /_ c M C (C') satisfy 

C' e ± side of a'l 

the jump condition M^(C) =M°_ (C)S C (C), CG<', where 



S C (C):= 



( I_ r(C)e -2i^(C) (J+)(I + r(C)e 2i^(C) fT _ )) CG(0;C2)u(Cl)+oo)) 



_ ( i_ r(c)e 2i^(c) fT _ )(I+r(c)e -2i^(c) CJ+ ) ) CG( _ OO)0 )u(C 2 ,Ci); 

(3) as C -> oo, C eC\ff", M C (C) = I + C(C _1 ); and (4) M C (C) satisfies the symmetry re- 
duction M C (C) = <TiM c (C)o"i and the condition (M c (0)o2) 2 = I. The analogue, therefore, of 
Proposition 4.1 and Lemma 4.1 is the following 

Lemma 7.1. Lei 5(C) solve the following scalar discontinuous RHP: 

MO 



£_(C)(l-r(C)r(C)), K(C) G (0, C2) U (Ci, +00), 
5_(C) = *(C), K(C)€(-oo,0)U(C2,Ci), 



5(0 = l+ocr 1 ), 



with index k := ^[arg(l — r(C)r(C))]l^ = 0. TTte unique solution of this RHP can &e written 



as 

rC-2 



where {Ci} 2 =i are defined in Theorem 3.1, i?as. (16) and (17), 1/ := z^(Ci) = — ^ m (l — 
|r(Ci)| 2 )€R + , 5(C)«S) = 1, ?(C)?(}) = S(0) = exp(( J 6 + J c t°°) ^-'Kdl') jg) , |MC)| a <l 
and |5_(C)| 2 < (1- sup z6jR K^)) 2 )- 1 < oc V C G K, and IIOK-))^-^) == su PfeC | (<J(C)) ±1 | < 
00. 5et M C (C):=M C (C)(-5(C)) _,T3 - L/ien M C (C) : C \ a£ -+ SL(2, C) solves the following KHP: 
flj M c (() is piecewise holomorphic V ( £C\ a"; (2) M±(C) := lim f /^ f M C (C') satisfy 

(' e ± side of a-J.' 

the jump condition 3Yt+(C) =3Vti (C)S C (C); CGc", where 



S C (C> 



(I-^(5_(C))- 2 e 2i ^«)a_)(I+p(CK<5 + (C)) 2 e- 2i ^(«a + ), C G (0, C2) U (Ci, +oc), 
(I-p(C)(^C))- 2 e 2i ^«)a_)(I+p(C)(5(C)) 2 e- 2i ' e "«V + ), CG(-oo,0)U(C2,Ci), 



with 

p(C) ■= { Z^^- r (0W)r\ Cg (0, C2) u (Ci, +00), 
\r(C), Cg(-oo,o)u(C 2 ,Ci); 

f3j as C^°°j CgC\ct"; M c (C) =I+0(C~ 1 ); and (4) 3Vt c (C) satisfies the symmetry reduction 
M c (C)=aiM c (C)<xi a ^ condition (M C (0)(5(0)) <T -V 2 ) 2 = 1. 

Now, proceeding according to an analysis analogous to that presented in Section 4, one 
arrives at the following "model" RHP on £ (see Figure 8) for M S (C) (analogue of Lemma 4.6): 

Lemma 7.2. Set S :=£ U £, w/iere £ = {C; C = Ci + ^(Ci -C2)e^, -00 < v < e} U {C; C = 
C2 + ^(Ci-C2)e^, ^ v < e} U {C; C = (2 + ^(2^'^, ^ v < e}, and e is an arbitrarily 
fixed, sufficiently small positive real number. As t — ► — 00 such that 0<C2<;p<^<Ci an d 
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Figure 8: Truncated contour S:=S^ US^ 
|C 3 | 2 = 1, with M G K>i and bounded, M S (C): C\S^SL(2,C) solves the following RHP: (%) 
M £ (C) is piecewise holomorphic \/ ( € C \ S; ^ M|(C) := lim c /^ c M £ (C') saiis/y t/ie 

C' £ ± side of £ 

jump condition M^(C) = M?(C)(I-w s (C)) _1 ( I +^5(C)), C^S, w/iere 

«J|(C) = (88). ^(C) = -WC)) ad(,T3) exp(-i^(C) a d( CT 3))^(C)^, CG^ C E, 

^(0 = (?(c)) ad(,73) e X p(-i^(c) a d(a3))^(c)^ + , ™!(C)=(88). c^cs, 

wret/i 7£(£) the analogue of 1Z(Q defined in Lemma 4.2; (3) as Q — > oo ; £ g C \ S, M s (£) = 
I + aHc? M S (C) satisfies the symmetry reduction M S (C) = ffiM s (() di and the 

condition (M E (0)(5(0)) a3 a 2 ) 2 = L Furthermore, w±(() € n pe { li2i oo}^M 2 (c)(^)- 



Remark 7.1. As per the analysis of Section 4, one shows that the relation between M S (C) 
and M C (C) is M C (C) = M S (C)(I + Oi ^f+^fy )), wi t h arbitrarily large Z G Z^i, and 
❖(C)e>C- (c) (C\S). 

Using Lemma 3.1, the solution of the RHP for M s (£) on £ stated in Lemma 7.2 has the 
integral representation 

where ^(C) := ((lg-C^)" 1 !)^), and £ £ (C) :=£ Ie{±} «f(C)- 

Now, proceeding as per the analysis of Section 5, one solves, asymptotically, the model 

RHP for M S (C) on £ formulated in Lemma 7.2, and arrives at the following (analogue of 
Lemma 6.1) 

Lemma 7.3. Let e be an arbitrarily fixed, sufficiently small positive real number, and, for 
AG {C2, Ci}; se t U(A; e) :={z; \z— A| <e}. Then, as i— ► — 00 such that 0<(2<jq <M <(i and 
|£3| 2 = 1, with M £ R>i one? bounded, /or G C \ U^ e {^ 2j< ^ 1 }U(A; e), m c ((") /ias the following 
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mj l{ Q 5(Q l + Q ^m^M | ^(Ci,C3,C3) ^ In |t| 



" 12ig 5(0 WI*KCi-C2)(^+32)V^ (C-Ci) + (C-C2) , 



c 5 (Ci)c(C2,C 3 ,C 3 ) , c 5 (C 2 )c(Ci,C3,C3) \ In I 



v/C2(^+32) (C-Ci) VCi(^ 2 +32) ((-(2) J (b-<2)t J J ' 
h0 /V ^(Cikto.Ca.Ca) + c 5 (C 2 )c(Ci,C3,^) ^ ln|t| ^ 



yc 2 (^+32)(c-Ci) vci(^ 2 +32) ({-&)) (b-&)t )) ' 

m c 2{0 = J (i+o(( ^}M^M | ^fokCCi^fr) ^ in 1*1 



5(C) V VWC2(z 2 +32) (C-Ci) VCi(^o 2 +32) (C-C 2 )/(Ci-C 2 )i 



where 5(C) is given in Lemma 7.1, v(z), 6 (z a ,t), Q (z), and {Ci}f=i o re defined in Theo- 
rem 3.1, (12), (13), (15), (16), and (17) , sup^ C\u Ae{C2 , Cl} U(A ;£ ) |(C~Cfc) -1 | ^ with 

M J SM+ ("and bounded), fee {1,2}, m c (() =aim c (C) a x , and (m c (0)a 2 ) 2 =1. 



Sketch of Proof. Proceeding as in the proof of Lemma 6.1, as t — > — oo such that < C 2 < 
jjj < M < Ci and | Cs 1 2 = 1, with M £ R>i and bounded, for C G C \ U Ae { f2>Cl }U(A; e), one 
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arrives at 

37rtv 37ri z'+OO 



2vri(C-Ci)/3 21 B ° A- sv /|7| JO 
2wi((-( 1 )P 21 B ° e-^TT X B ^\t\ JO 

+ ^m-^(-V-^ / +0 °(e-fa 2 D_(.)-lef.D_(z))z-e-4d. 

27ri(C-C 2 )/3 21 A °A' A ^/jt| Jo 

27ri(C-C 2 )/3 21 A °c^(-l)-A' A yit| JO 
v0 (( ^(Cl)g(C2,C3,C3~)(^)- 2 C^(C2)c(Cl,C3,C3)(^)- 2 \ In |t| 

VV (c-Ci)iCi-Csi v / (Ci-C2) x B (c-c 2 )iC2-C3i v / (Ci-C2) y * 



1 27ri(C-Ci)e-T-A- BV /itf 27ri(C-Ci)^s 







, ^(C 1 )(l-KCl)| 2 )- 1 (^) 2 e 3 ? i KC0(^) 2 e-^e- i f \ /+°° , ( 

+ V2 7 ri(C-C2)c^(-l)-i^ AV /i*i 2 7 ri(C-C2)(-l)-^v^y'yo Uli ^ jZe 
+ (( ^(Ci)c(C2,C3,S)(^) 2 + cg(C 2 )c(Ci,C3,S)(^) 2 "\ In |f I 



(C-Cl)ICl-C3lV(Cl-C2) *B (C-C2)|C2-C 3 IV(Cl-C2) X A J 1 
\ 27ri(C-C2)eT-(-l)'^AV^ 2ni((-<; 2 )(-iy»X A ^\r\ J J Q luy 1 

| C (( C S (Cl)c{C2,C3,&)(S B )- 2 , C 5 (C2)c(Cl,C3,C3)(^)~ 2 Vn |t| 

VV (C-COICi-CslVCd-Ca) *b (C-C 2 )K 2 -C3lv / (Ci-C2) * A y * 

_ ~ n 9 _ Zixv _ 37ri /* + 00 2 

^ (C) = 1 _ I(^ZLI / (e¥ 92 D_ i! ,(,)-ie-¥ z D_ i .(,)),-e-^dz 

f+OO 



27ri(c-Ci)/3 12 s< V^;t' s ^/j7| Jo 



KCl)(^) 2 e~^(-l) i ' / e'T 
27ri(C-C2)^ 1 E / ^A V / Rl 



/•+OO . . 2 

/ (eT^Di^zJ + ie-TzDi^z))*^-^ dz 
Jo 

+ -(c 1 )(i-Kc 1 )i 2 r 1 (^) 2 (-i)-e¥ [ + °° {e -^ dz n Uz)+ i e *? z T> Uz ))J» e -4 dz 

27ri(C-C 2 )/3i 2 A °c 4 f Jo 

, g /Y ^(Ci)c(c 2 ,c 3 ,^)(^) 2 , c s (c 2 )g(Ci,C3,C3")(n) 2 Vn|t| \ 
\\ (c-ci)ici-C3i\/«i-<2) (c-f2)iC2-C3i v / (Ci-C2) ^ y * y' 

where 

^:=lCi-C3|"(2|t|(Ci-C2) 3 Cr 3 )^e^)exp(-|(Ci-C2)(^+Ci+C2)), 
5A:=IC2-C3r"(2|t|(Ci-C2) 3 C2~ 3 )^e^ 2 )exp(^(Ci-C2)(^+Ci+C2)), 

x(Ci):=^ ^ ln| /[ /-Ci|dln(l-|r( /U )| 2 ) + — jf In |/x-Ci|dln(l-|r(/x)| 2 ), 

: K2 j /-+oo 

x(C 2 ):=-x(Ci) + ^ J Q ln|^|dln(l-|r( / u)| 2 ) + — J In |/x|dln(l- |r(^)| 2 ), 
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andD*(-) is the parabolic cylinder function [40|] . Using the relations C3 1 Cfc 1 = (2Cfc) 1//2 (^ 2 + 
32) 1 /4 ; fe€{l,2}, the identities @ d z D 21 (z) = i(ziD 2l _i(z)-D, 1+ i(z)), zD 2l (z)=D 2l+1 (z) 

+ z 1 D 2l _ 1 (z), and |r(iz^)| 2 = , the integral @ / + °°D_ 2l {z)z^- 1 e~4 dz= 0Fr(z 2 ) 

• 2-5( z i+^)(r(|( 2l + Z2 ) + i))- 1 , sft( Z2 ) > 0, the relation |r(Ci)||r(ii/)|i/eTT = V^w, and 
the fact that (Lemma 7.1 and Remark 7.1), for ( € (C \ U Ae{?2ifl }U(A; e)) n (Qi U Q 2 ), 

m c (C)=M S (C)(?(C)) CT3 aH^( £ ^ 

U^g/^ ^ 1 }U(A; e)), and (5(C) given in Lemma 7.1, one obtains the result stated in the Lemma; 

furthermore, one shows that the symmetry reduction m c (C) = ffim c (() ffi is satisfied, and 
verifies that, to 0(t -1 In |i|), (m c (0)f7 2 ) 2 = I. □ 
From the relation A o m c (0) = o"2 and Lemma 7.3, one obtains the following (analogue of 
Proposition 6.1) 

Proposition 7.1. As t —> -00 such that < (2 < jj < M < (i and | Cs 1 2 = 1> with M G K>i 
and bounded, 

(A \ _ 2i^CQcos(e-( 2o ,f)-^) ( (( c g (Ci)c(C 2 ,C3,^) 1 c 5 (C2)c(Ci,C3,C^A ln|t| 
{ 0)11 VI*l(d-^)(^+32)V4 + ^ VCi(- 2 +32) + ^1+32) Jra* 

/ / /*» ln(l-|r( M )| 2 ) d» f + °° ln(l-|r(/x)| 2 ) 
(A Ji2 = — lexpl — 1 / — + 



\ | g ^ C S (Cl)c(C2,C3 ! ^) + C- 5 (C2)c(Cl,C3,C3)^ Mt| V 



VCi(^ 2 +32) v / c 2 (^+32) ;(Ci-c 2 )t y 

(A ) 21 =iexpfif/ C21 ^-W 2 ^ + ^Ml-IK,)! 2 ) «*Y 



// 27T /i 27T / 

1 I g ff C ' 5 (Cl)g(C2,C3,a) + C- 5 (C2)c(Cl,C3,C3)^ In |*| 



VCiM+32) 7C2M+32) ) {Ci-^t ) ) ' 

( A \ = 2iy^(aycos(e-( 2o ,t)-^) -/7 c s (Ci)c(C2,C3,^) 1 ^(C 2 )c(Ci,C3,C?) A ln|t| 
1 ° ;22 Vl*KCi-C2) (22+32)V4 "I" ^ ^ Cl(z 2+32) ^ VC2(^ 2 +32) y CCl-00* 

where v(z) and @~(z ,t) are given in Theorem 3.1, -Egs. (12), (13), and (15). 

Finally, the analogue of Lemma 6.2 is 

Lemma 7.4. f ^ —00 such that < C2 < jj < M < (1 a^d IC3I 2 = 1? ^ G 

R>1 and bounded, u(x,t), the solution of the Cauchy problem for the DjNLSE, has the 
asymptotics stated in Theorem 3.1, Eqs. (9), (11), (12), (13), (15), (16), and (17), and 
J±oo(l u (£i ^)| 2 — 1) d£ ^o^e i/ie asymptotics stated in Theorem 3.2, i^as. (27) and (28), with 
9 + (z) (respectively 9~(z)) given in Theorem 3.1, Eq. (10) (respectively Eq. (11)). 
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Appendix 

In order to obtain the results stated in Theorems 3.2 and 3.3, the following Lemmae and 
Propositions, which are the analogues of Lemmae 6.1 and 7.3 and Propositions 6.1 and 7.1, 
are necessary. 

Lemma A.l. Let e be an arbitrarily fixed, sufficiently small positive real number, and, for 
A G 2 := {(si) ±:L , {s 2 ) ±1 }, where s\ := Q\ = exp(i^i) and S2 : = C3 = exp(i(J?3), with (t and (p n , 
ne{l,3}, defined in Theorem 3.2, Eqs. (36) and (37), set U(A;e) := {z; \z — A| <e}. Then, 
forr(s 1 ) = exp(-^)\r( Sl )\, e 1 e{±l}, r(^) =exp(^)|r(^)| ; £ 2 G{±1}, 0<r(s 2 jt&) < 1, 
and (£C \ U Ae ^ U(A; e), as t^+00 and such that z Q :=x/t£ (—2, 0), m c {C) has the 

following asymptotics, 



m$! (0=5(0 (l+O 
m c 12 (0 



(( c{ Zo ) c{z ) \e-^\\ 

VV(C--i) (C-^)J Pt )) 



( -(2a t+sin(^l) f° - dM) -m i + f° (M-cos^ 1 )ln(l-|r( A ,)| 2 ) d^ ) 

j^g v ^ 1 ' - 1 -00 (m-cos i^ 1 ) 2 +sin 2 ^ x T'g ,rl ( M -cos ^ ) 2 +sin 2 f> 1 



+ 



2(\r( Sl )\)-Hb ty/i((-sl) 

n2e -(2oot-Bin ( ao j°, (M _^,'ffS .3 ¥) e i (g» - J°cc (M ( ;^ a g ^ 



V 



2(|r(^)|)-i(l-r( S2 )r(^))(6 t)V2 (C _ S2 ) 



+ c?i| g(Zo) i - (Zo) ^ e "'" 



^1 (0=^(0 



(C-sr) (C-s 2 )y # 

/ -(2aot+sin(^l)f° l~(l r |rj M )| 2 ) dg) i(?1+ j0 (M-cos gl ) ln(l-|,( M )| 2 ) d g) 



+ 



2(|r( Sl )l)- 1 (M) 1 / 2 (C- S i) 



V 



2(|r(^)|)-i(l-r( S2 )r(^))(M) 1 / 2 (C-^) 



(C-si) (C-^)7 # 

where n\ :=sgn(£i), n 2 :=sgn(cT2.), 

^ ):=eX K/l ln( ^-0' 2) ^)' «o:=^(, -a 1 )(4-a?)^ (> 0), 
a :=-i(z o -a 2 )(4-a 2 ) 1/2 (> ), 6 := I(z Q 2 +32) 1 / 2 (4-a 2 ) 1 /2 (> ), 
6 :=i(z 2 +32) 1 / 2 (4-a^) 1/2 (> 0), a:=min{a , a }, /?:=min{6 , &o}, 

w/^/i ax and a 2 given in Theorem 3.1, Fa. (17), sup£ 6C yj^ gU(A;e) l(C — (Cn)0 _1 | ^ ^ 
9Jt 6 M+ (and bounded), n£{l,3}, /g{±1}, m c (^)=aim c (C)fJi, and (m c (0)o- 2 ) 2 = I. 

Proposition A.l. Let s\ :=C? = exp(i^i) and s 2 :=C;s = exp(i^3), where (n and (p n , n£ {l, 3}, 

are defined in Theorem 3.2, £gs. (36) and (37). For r(si) = exp(-^)|r(si)|, £i G {±1}, 

r (^) = exp( i ^)|r(s 2 )|, £ 2 G {±1}, < r(s 2 )^(s 2 ) < 1, andcri=cr 2 , ast^+oo and x^—oo 
such that z Q : = x/t£ (—2, 0), 



(A„)„ = - - ie ' ( ^ Q+ co 5 h( S _ t+ ^ + I 1 n(fej)- 1 n 3 _) +0v ^ 



c(z n )e" 4ar 
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(A„) I2 = -ie-* + <')(l + (i<^)) , (A„) 21 = ie.*+<'>(l + (§<^)) , 

( A o)22= ±co8h(a-t + C _ + ^ln(l^)-ln3-)+0 ^ °^ j , 

and, /or £\ = —e 2 , 

(A o)ll = ^ smh(a_t+c_ + g ln(^j - InO. j +0 [—^— ) , 

(A o)l2 = -ie^ + w(l + (^^)) , (A ) 21 = 1 e^«(l + (^^)) , 

(A o)22 = _ ^ a _ t+c _ + B ^^j_ ln ; ] _j +( ^__j > 

where n\ :=sgn(ei), ip + (-), a±, c±, b, 3±, a, and (3 are defined in Theorem 3.2, Eqs. (35), 
(38), (39), (40), (41), (42), and (43), and a 1 and a 2 are given in Theorem 3.1, Eq. (17). 

Lemma A. 2. Let e be an arbitrarily fixed, sufficiently small positive real number, and, for 
A € 3 := {(si)^ 1 , (s 2 ) ±:L }, where s\ := C{ = exp(i^i) and s 2 := (^3 = exp(i^), with and <p n , 
re €{1,3}, defined in Theorem 3.2, Eqs. (36) and (37), se£ U(A;e) := {z; \z — X\ <e}. Then, 

/orr(aI)=exp(^)|r(sr)|, £i€{±l}, r(s 2 ) = exp(-^)\r(s 2 )\, £ 2 €{±1}, 0<r(si)^T) < 1, 
and (£C \ U Ae ^ U(A; e), as t — > — 00 and x^+cx) stic/i t/iai z Q :=x/t € (— 2, 0), m c (C) has the 
following asymptotics, 



m c 12 (0- ' 



/" nie - (2a ° |f| - sin( ^ )J ° + ~ a^^ 



5(0 



V 



2(\r(^)\yi(l-r(s 1 )r(- 1 ))(b \t\y/H(-s 1 ) 



+ 



-( 2 a |t|+sin(^ 3 ) f + °° K^Kgll!) dg) _i(g 3+ f + °° (M-coB^)ln(l-|r( M )|2) d g) 
j^ 2 g V ^ J/J (M-cos 3 ) 2 +sin 2 £3 7T 'g v JQ (jj-cos £3 ) 2 + sin 2 £3 7T' 



2(|r( S2 )|)-i(6 |t|)V2( C _^) 



, , g(z ) | c(z ) \e 4 



m§!(C) = -<5(C) 



2(|r(sT)|)- 1 (l-r( S i)KiT))(6o|t|) 1 / 2 (C-^T) 



+ 2(|r( a2 )|)-i(6 |t|) 1 /2(C- fl2 ) 



.((-si) (C-s 2 )J 0t 

6(0 y ~ '(((c-*i) ' (c-^)y # 

where n\ :=sgn(£i), n 2 :=sgn(£ 2 ), 



J,,, / /■ + ~ ln(l-|rQ.)| 2 ) d M 

<K) ' =exp U (p-C) M 
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do, ao, bo, bo, a, and f3 are defined in Lemma A.l, sup^ 6C ^u ~u(\;e) l(C — iCn) 1 ) l \ with 



97TGM+ (and bounded), nG{l,3}, Zg{±1}, m c (Q) =aim c (() a x , and (m c {0)a 2 ) 2 = 1. 



Proposition A. 2. Let s\ :=Ci =exp(i^i) and s 2 '-=(3 = exp(iy?3), where and (p n , n£ {1, 3}, 

are de/ined in Theorem 3.2, £gs. (36) and (37). For r(s?) = exp(i^)|r(sT)|, £1 G {±1}, 

r(s 2 ) = exp(— ^|^)|r(s 2 )|, £ 2 G{±1}, 0<r(si)r(s7) < 1, ande 1 = e 2 , ast^—cc andx^+co 
such that z :=x/t£ (—2, 0), 



(A ) n = niie ' ( ! + ^_ C+) " 1+ cosh(a_|i| -c_ + 1 ln(^|) +ln 1_) + 




(A o)l2 = -ie-^(^l + (^^j j , (A o)21 = ie^(^l +0 ^ /3t 

— =sa5 ^^ :it »-(^) ^"1-) +^ (^^ =!!L ' 



and, for e\ = — e 2 , 



( ° )n = — ijw\ — ™H a -i'i- c - + 5 ln (^t) +1,n -) +0 ( — 5 — 

(A ° > - "" e ir th+ Sinh ( a '" | - £ - + i ' D (^ + ' n1 -) + °l * 



where n\ :=sgn(ei), a±, 6, a, /3, ^ (•), c±, and ~~\± are defined in Theorem 3.2, Eqs. (38), 
(40), (42), (43), (46), (47), and (48), and ai and a 2 are aiwen in Theorem 3.1, £g. (17). 



Lemma A. 3. Let e be an arbitrarily fixed, sufficiently small positive real number, and, for 
Xe^:={(s 1 ) ±1 ,(s 2 ) ±1 }, where si:=exp(f) and s 2 :=exp(^f), set U(A; e) := {z; |z-A|<£>. 
rften, /or r(*i) = exp(-^L)|r(si)|, £1 G {±1}, r(sa) = exp(^f )|r(<^)|, £ 2 G {±1}, < 
r(s 2 )r(s 2 ) < 1, and (gC \ U Ae ^ U(A; e), as i— > +00 and x — > — 00 snca i/iai z G :=x/t^> 0~, 
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m c (() has the following asymptotics, 
m c n(0=S(0[ + 



m c 12 (0- 



(c-si) (c-«2)y * 

/ _f 9f ,,/o fO ln(l-|r( M )| 2 ) d M l _;,"ri,/9f () ( M~ 1) ln( 1 - I r ( M ) | 2 ) d M > 

1 | sgn(ei)e 1 j -°°(v^m-i) 2 +i - > e ( * +v J -°° (v ^ M -i) 2 +i vr J 



+ 



*(C)1 4(|r( ai )|)-iVt(C-5T) 

-C9/-,/9 f° ln(l-|r( M )| 2 ) d M v . , 3tt ./S fO ( M+ 1) ln(l - | r ( M ) | 2 ) d M s 

sgn(e 2 )e 00 (v^m+i) 2 +i - > e ( 4 v/ J-oo (v ^m+i) 2 +i - j 



4(|r(52)|)- 1 (l-r(s 2 )r(a2))Vt(C-S2) 
+ oil - -^- + 



c c \e 4i 



mil (C)=*(C) 



(c-sr) (c-s 2 ); t 

sgn(ei)e _(2 * + ^ / - 00 ( I ^M-i) 2 +i~ ; e 



ft. 1 ,/o fO ln(l-|r( M )| 2 ) d MN j/iv ,,/5rO ( M~ 1) ln(l- KjQ | 2 ) d M s 



sgn(e 2 )e 



4(|r(si)|)-i>/t(C-*i) 

fO ln(l-|r( M )| 2 ) dfi \ .,_37r .ft fO ( s/2 M + l) ln(l - |r( M ) | 2 ) , 



Ot-*F> (° ln(l-k(M)r) d M x ., 37r,,/9f0 (v^M + l) ln(l-|r( M )| z ) d M x 
^J-cc(7f^)5TI,) 3 4 + VZ J-oc ( v / 2m+1) 2 + 1 J 



4(|r(a2)|)-i(l-r(5 2 )r(52))Vt(C-52) 



— At 

c c \ e 



+ — ^-4 



(c-si) (c-^)y * 

^(0 = T7^(W(t^=7 + ' 



5(0 V VV(C-^T) (C-s 2 )7 i 

where 5(() is defined in Lemma A.l, sup^ eC ^y ~u(A;e) |(C — _1 | > ^ £R+ ('and 



A63 

2. 



bounded), m c (() = (Jim c (()ffi, and (m c (0)cr 2 ) =1. 

Proposition A. 3. Ze£ si := exp(^) and s 2 := exp(^ i ). For r(si) = exp(— ^-)\r(si)\, e± € 
{±1}, r(s^) = exp(^ ZL )|r(s 2 ")|, e 2 G {±1}, < r(s 2 )r(s^) < 1, and ei = e 2; as t ^ +oo and 
x^— oo snc/i i/iai z :=x/t^O~ , 

(A o)n = - Sgn(£1 ^ 
(A ) 12 = -ie^ + «(l + 0(^)) , (A o)21 =ie^ + «(l + o(^)) , 



. sgn(e 1 )ie-( 2 * +c +)b+ , r , 

( A ) 22 = 6 v 1; j= ± cosh(c_ - In b_ ) + O 



cc- At 



2y/t \ t 

and, for e\ = — e 2 , 

sgn(e 1 )ie-( 2t +^+)b+ . L _ , , , <ri /""- 4r 
(A )n = & 2 ^ 1 sinh(c_-ln b-)+0\ 



(A o)l2 = -ie^ + «(l + (^)) , (A o)21 =ie^«(l + (^)) , 

sgn( ei )ie-( 2 *+^)b + . L _ , r . , /ce' 4i \ 
(A Q ) 22 = - 2 ^ ±sinh(c_-lnb_)+Of =-^— J , 

where is defined in Theorem 3.2, Eq. (35), and~t± and b± are defined in Theorem 3.3, 

Eqs. (73) and (74). 
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Lemma A. 4. Let e be an arbitrarily fixed, sufficiently small positive real number, and, for 
XeZ-={(s l ) ±1 ,(s 2 ) ±1 }, where s 1 :=exp(f) and s 2 :=exp(^f) ; set U(A; e) := {z; \z-X\<e}. 
Then, for r(*T) = exp(^)|r(ai)|, e 1 G {±1}, r(a 2 ) = exp(-^)|r( S2 )|, e 2 G {±1}, < 
r(si)r(~s\) < 1, and (gC \ U Ae ^ U(A; e), as t^ — oo and x — ► +oo swc/t that z Q := x/t — > _ ; 
m c (C) has the following asymptotics, 



m;i (C)^(C)(i +0 ((^ + ^)^" 

1 [ sgn(ei)e 



m5 2 (C) = - 



COIJ-I ,/o f+»MH[f/i)P)dji\ ./7T . /o f +oo (v^M-l) ln(l-|r(p)| 2 ) \ 



+ 



5(C) I 4(|r(^)|)-i(l-r( Sl )r(^T))^(C- S i) 

C9l*l-l-,/9 f + °o ln(l-|r( M )| 2 ) d M ;/3tt , /n f + oo (vg u+1) ln(l - Ma) | 2 ) dfj, 

sgn(e 2 )e (2|t|+v ^ J o (Vf7+TF+T~ J e H ~ +V ^ J ° (WT+Tj^+i ~ J 



4(|r( S2 )|)-Vl*l (C-55) 



c c \ e 4 I*I 

+ o — ^-+- 



^i(C)=-*(C) 



V 



Ain-^-^i-risM^VWiic-^) 



(2\t\ i r+°° i£(jHrWr) d M) j( 37r | f+°° (v^M+i)in(i-|r( M )i 2 ) <w 
sgn(e 2 )e 1 (v^m+i) 2 +i ^ e 4 (V2 M +i) 2 +i t 



+ Of 



4(|r( S2 )|)-^(C- S2 ) 



(c-^T) (c-s 2 )y * 



where 5{Q is defined in Lemma A. 2, sup^ 6 c\u A jU(A;e) l(C — C) _1 | ^9tt", with 9Jt" G R+ (and 
bounded), CG-3, m c (() = aim c (() o\, and (m c (0)cr 2 ) 2 = 1. 

Proposition A. 4. Let s\ := exp(^) and s 2 := exp(^ji). For r(si) = exp(^-)\r(Ji)\, £\ € 
{±1}, r(s 2 ) = exp(— ll ir)\r(s2)\, e 2 G {±1}, < r(si)r(s!) < 1, and £i = e 2 , as t ^ — oo and 
x^+oo suc/i i/tai z o :=x/t^0~ , 



(Ao)ii = sgn( £l )ie-( 2 l|l^)^ cosh(? __ ln ^ )+0 



(A o)l2 = -ie-^(^l + 0^j j , (A o)21 =ie^(^l + 0^ 
(A P ) 22 = - 1} + cosh(c_-lnc)_) + o[ 1 , 
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and, for E\ = —E2, 



(A ) 11 = Sgnlgljie ?±sinh(c_-lnO_)+0 

2 v m 



(^) 



(A ) 12 = -ie-^«( I+Ol ^ ) ) , (A ) 2 i=ie^«( l + O 



t 



2 v h 



where ip (•) is defined in Theorem 3.2, Eq. (46), and7± and d± are defined in Theorem 3.3, 
Eqs. (77) and (78). 
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